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Abstract

Efficient Inference in Time Series Models with Conditional

Heterogeneity

Guido Markus Kuersteiner

1997

This dissertation develops new techniques to improve the efficiency of estimators where
regressors and errors are uncorrelated, but not independent. A natural case where such
phenomena occur are linear time series models with martingale difference innovations.
Prominent parametric examples mainly encountered in financial econometrics include mod-
els with heterogeneity in the conditional error distribution. Estimators not taking the
dependence between the errors and regressors into account are generally inefficient. The
form of this inefficiency however is not related to heterogeneity in the second moments as
is the case in standard GLS type problems. Rather it is reflected by the appearance of
fourth order cumulant terms in the asymptotic covariance matrix. The martingale prop-
erty of the errors turns out to be the critical assumption allowing for a decomposition of
the fourth order cumulant terms. This decomposition in turn is used to obtain a lower
bound for the asymptotic covariance matrix.

Efficient estimators for linear time series models are developed by extending the scope
of instrumental variable procedures to the case of conditional heterogeneity. The instru-
mental variables approach is used as a general technique to alter the statistical properties

of the score function. Optimal instruments constructed from the reweighted innovation
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sequence are used to invert the fourth order cumulant spectrum, heuristically speaking.
This transformation is defined such that the variance of the score process matches the
expectation of the first derivative of the score. It is shown that the optimal IV estimator
has the lowest variance in the class of all instruments which are linear filters of the inno-
vation process. Unobservability of the optimal instruments necessitates a semiparametric
approach. The optimal filter is estimated from fourth order cumulants of consistent first
stage regression residuals. The optimal instruments are then obtained by frequency do-
main techniques which convolute the filter with the residuals in a computationally efficient
way.

While no parametric assumption for the generating mechanism leading to higher mo-
ment dependence of the errors is made, a number of well known parametric specifications
fall into the class of processes considered. These include ARCH, GARCH and stochastic
volatility models. Monte Carlo simulations are conducted to examine the finite sample

properties of the instrumental variables estimator.
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1. Introduction

This dissertation analyzes the asymptotic efficiency of linear time series models when the
innovations have conditionally heterogenous distributions. New instrumental variables
(IV) estimators for autoregressive time series models are constructed in a way to achieve
an efficiency gain over traditional estimators based on Gaussian criterion functions.

The time series models considered include error processes which are conditionally het-
eroskedastic of unknown functional form. Efficiency gains are obtained without having to
specify a model for the dependence in the errors. The setup is general enough to account
for stylized facts in many economic time series displaying features such as thick tailed
distributions and time dependent conditional variances.

Classical efficiency results for the quasi maximum likelihood estimator (QMLE) of the
autoregressive parameters such as Hannan[42] depend on independence of the errors. With
dependence in the errors the variance of the score process typically contains fourth order
curmnulant terms. This leads to a loss of efficiency of the QMLE. The asymptotic distribution
of the QMLE in the case of martingale difference errors is shown to be a special case of
the more general frequency domain estimators discussed in Hosoya and Taniguchi[54] and
Keenan[59]. In the cases considered by these authors, no restrictions are imposed on the
functional form of the fourth order cumulant spectrum of the process. Here it is shown, that
under the martingale assumption the fourth order cumulant spectrum can be factorized.
The factorization is used to obtain a lower bound for the covariance matrix. This result is
the key to the construction of an optimal instrumental variables estimator.

An instrumental variables estimator using the suitably reweighted innovation process
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as instrument is shown to achieve the lower bound for the covariance matrix in the class
of IV estimators with instruments that are linear filters of the errors. The distributional
assumptions focus on the strict stationarity and ergodicity properties of the errors.

Since the optimal instruments are unobservable they need to be estimated nonpara-
metrically. Assumptions about the generating mechanism of the volatility process or more
generally the dependence in higher moments are replaced by smoothness assumptions for
higher order cumulant spectra of the errors. This setup allows for the treatment of de-
pendence in higher moments as a nuisance parameter. Nonparametric estimators of this
nuisance parameter are used to construct the optimal instruments.

The term efficiency as used throughout this dissertation refers to the lowerbound within
the class of linear instrumental variables estimators. Restricting the class of instruments to
linear functions of the innovation process has considerable consequences for the efficiency
properties of the estimator. The advantage of working with this small class of instruments
lies in the fact, that the instrumental variables estimator can be expressed in the form of
a linear filter applied to the data. This results in extreme computational stability of the
procedure. Simulation results in Part III indicate that the IV estimator dominates the
Gaussian estimator even in small samples.

It is worthwhile to review more general efficiency concepts. We proceed by first dis-
cussing estimators that are asymptotically minimax in a neighbourhood of the true pa-
rameter. An alternative, weaker concept of efficiency is in terms of lower bounds for

estirnators based on moment restrictions.
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1.1. Efficiency Bounds for Parametric Models

Efficiency bounds for finite samples are characterized by Cramer Rao lower bounds which
depend on the information matrix of the likelihood. This notion of efficiency can be
extended to the information matrix of the asymptotic distribution when the class of esti-
mators is sufficiently restricted.

The most commonly used formulation is the local asymptotic minimax criterion (LAM)
of Hajek [38] and Fabian and Hannan [28]. This definition requires an estimator to have
lowest possible expected risk for all bowl shaped risk functions in a neighbourhood of
the true parameter. The definition rules out superefficient estimators which have good
properties only on a dense subset of the parameter space. The LAM property is typically
established by showing that the local asymptotic normality (LAN) condition of Le Cam
(16] holds (see Fabian and Hannan [28]). The construction of the lower bound assumes
knowledge of the true data generating model and is therefore fully parametric.

For expositional purposes we introduce notation following Le Cam [17]. Let {y:},,
be a discrete scalar valued time series defined on a measurable space (Q,,F). For each
n there is a filtration F, ¢ C Fp r+1. We consider a sequence of two probability measures
Pg,» and Pg_, with restrictions to Fyr denoted by Ps nk and Pg, nk- The likelihood
ratio of Pg_ , with respect to Pg_  is defined as the Radon-Nykodym derivative on F, x of
the part of P3_n dominated by P, nt. We write the likelihood ratio as Lpx(3n, 30) =
dP3_ nx/dPs, nx Where reference to the two parameters emphasizes the fact that the two
measures are indexed by points in the parameter space.

Fabian and Hannan [28] define the LAN property for the likelihood ratio by requiring

10
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the following conditions for (8y, Mn,An): An = N(0, Ag) under Pg, , probability; for any

bounded sequence h, € R? G, = By + Mn 1 2h,,; and
log dPj, n/dPsym — hialin + %h;th,n 0

in Py, » probability. A sequence of estimators T, then is called regular if LAN (Bq, Mx, An)
holds and M,/ 2(Tn — Bo) — An — 0 in Pg , probability. Now define the class of loss
functions £: [ € £ if for all u,v € RP [(u) = {(—u), the set {u:[(u) < (} is convex for
any ¢ € (0,00), {(0) = 0, I(u) is continuous at u = 0 and [g, I(u)e~V214? gy < co. Then
by Fabian and Hannan [28, Theorem 6] the expected loss of any regular estimator T}, is

bounded by

lim lim inf sup Eg nl(QnM,{/zAal/z(Tn —Bo)) = Enqo,1,)l(u)
K—oo n—oo 1/2 ' Jdp
|pa’6-s0)| <k

where En(q,1,)(u) = (2m)~P/? o o l(u)eV/ 2wl gy, and Q@n is any sequence of orthogonal
matrices.
If we assume a parametric structure for the time series model then we can apply

arguments in Phillips [80]. Let y; be generated by
yr = my(B) + &

where m;(8) is Fn -1 measurable and ¢, is a martingale difference sequence. For a uni-

variate AR(p) model for example, m¢(8) = Byyt—1 + ... + BpYyt—p- The key assumption

11
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here is that &; is not iid. The conditional density of ¢; therefore depends on the whole
innovation sequence in general. It is then convenient to express the log likelihood ratio as

a telescoping sum using the fact that

Ln(ﬁlaﬁo) = (Ln/Ln-1)---(L1/Lo)

i.e. log Ln(B1,80) = S-7_, log(Li(B1, Bo)/Lk—1(B1. Bo))- Using the definition of Ln(8;,3o)

the ratio of likelihoods is easily recognized as a ratio of conditional densities since

_Le(Br,By) _ dPy / dPox  _ filye—1---y1))
Le-1(B1,B0)  dPig-1/ dPoy—1  fo(yk lyk-1---91)

Correspondingly we can, as in Phillips [80], define the likelihood ratio for a model
parametrized by 3 as log fn, 5 = 3_ log fa(yk [yx—1 - - -y1). The score process can be written

as

8/0Blog fap = Y 8/0Bl0g fo(yelyk-1---1) = n/*Va(B).

By the chain rule V,(B) is Vu(8) = n~'/2 3 (0m«/08)(8/8mi) log fa(yklyk-1---11)
where (Omy/d0) is Fn—1 measurable and (8/9mx)log fa3(yk|yk—1---y1) is a martingale
difference sequence under the P, measure. The matrix conditional quadratic variation

process of log f, g can then be written as
1 ‘
Ba(B) = = > Zk(8) Z(B) ue(8)

with Z(8) = 0mk /80 and hi(B) = E(€2|Fn k—1) where ex = (8/0my) log fa(yklyk—1 - .. y1)-

12
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Now evaluate log f, g in a \/n neighbourhood of §; such that 8, = 3¢ + n~2h,,
where h, is a bounded sequence. Then, under regularity conditions, it follows from the
results in Le Cam and Yang [18] that the likelihood ratio can be approximated locally by

a quadratic form (LAQ) as
log L (8, Bo) ~ huBn(Bo)~*Va(Bo) — (1/2)Ry Bn(Bp)bn

in Pg,n probability. Phillips [80] shows that this likelihood ratio can be embedded in a
continuous time martingale under additional conditions. In particular if we define stopping
times 7y such that E(7p — Tk—1|Fnk-1) = E(€l|Fnk-1) as. in P n then A(rg) ~
h., Jo £ SdW — (1/2) B ( 0 <SS )hn with S (r) = Zg for Tk—1 <1 < T¢ and W a standard
Brownian motion.

Under the stationarity and ergodicity assumptions it is also true that B, converges to
a constant positive definite matrix if E(Z(8)Zx(8) he(B)) < oo. This follows from the
ergodic theorem. Then, by the martingale difference CLT, V,(8,) = N(0, B(3;)) under
Pg, n probability with B(8g) = E(Zi(Bo) Z(85) hi(B,)). Under these conditions the LAQ
property, as far as it exists, is strengthened to LAN (see Le Cam and Young [18}).

In our context it follows from Fabian and Hannan (28, Theorem 3] that, for a model with
the LAN property, every regular estimator T, such that /a(Ty, — Bg) — B(80) ! Va(3y) =

0p(1) under Pg, . probability is LAM, i.e. the following equality holds

Jim_lim inf sup Ep nl(@uMY2B(8y) YT — Bo)) = En(o,1,)l(w).
—_—00 nN—O0 '1/2
|2/ (8-80)|| <&

13
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Under additional conditions the LAN property can be exploited to construct asymptot-
ically efficient estimators where the density is unknown and estimated nonparametrically.
This technique was introduced by Bickel [7]. Examples of such estimators in the time
series literature include Beran [6], Swensen’s [91] adaptive estimator for autoregressive
models and Kreiss [60] extension to the ARMA case. Linton [63] constructs an adaptive
estimator for a regression model with ARCH error process. The common feature of these
approaches is that they allow the unknown likelihood to be specified as a product of iid
density functions.

In our example the conditional density fa(yklyk—1---y1) reduces to fa(e:) if the & are
independent. An adaptive estimator 3 for Bg can then be constructed from a consistent
first step estimator 3 by 8 = B+ B(3)~V,(B) where V,(8) = n~1/2 Zf;’,(ét)/f};(ét)Zt(B).
Here f3(.) and fz,(.) are nonparametric estimates of the innovation density and the first
derivative of the innovation density and we assume B(,B) — B(B,). Adaptiveness then
obtains if V,(8) — Va(B) = 0p(1) in Pg,n probability. In the context of conditional het-
erogeneity, i.e., when E(e?|F,_1) = o? is not constant, adaptiveness can be achieved by
transforming the model to y, /o, = m(B)/0¢ + &:/0¢. Such a transformation is feasible if
o¢ can be estimated uniformly consistently for all ¢ and the standardized innovation &, /0
is #id. An example of such an estimator is developed by Linton [63].

More generally however, ¢, is not independent of the conditioning variables even after
standardization by o;. In this case, estimating the conditional density nonparametrically
seems to be a less promising approach because of the potentially high dimensionality of

the density. Under these conditions one could still perform the GLS transformation and

14
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achieve a GM M type lower bound to be discussed in the next section. This however is

only possible if the o; can be estimated consistently.

1.2. Efficiency Bounds Implied by Moment Restrictions

We have seen in the previous section that information matrix lower bounds depend on
knowledge of the likelihood function. This means that the statistical model determines
the distribution of the data completely even though the true distribution may be unknown
to the investigator. In certain special cases the density can be estimated nonparametrically
leading to adaptive estimators. This concept was introduced by Stein [89]. It stands for
achieving the same efficiency bound when the density is estimated nonparametrically rather
than known up to a finite number of unknown parameters.

Here we look at statistical models which restrict only certain moments of the distrib-
ution. In particular we assume that there is a vector of observations z; = (y;,z:) and a

known function m(z,3) € RP and § € RP such that

E[m(z, 8)|z:] = 0 (1.1)

where E denotes integration w.r.t the true underlying distribution Fp. In the time series
context r; contains lagged values of y; and the expectation is conditional on past informa-
tion. Levit [62] shows that estimators based on a finite number of unconditional moment
restrictions have efficiency bounds characterized by the infimum of the information matrix
over the class of all distributions satisfying the moment restrictions. Chamberlain [19] ob-

tains a representation theorem for semiparametric estimators. Chamberlain [20] extends
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Levits result to the case of conditional moment restrictions by approximating the space
of distributions with multinomial distributions. This allows to reduce (1.1) to a finite set
of unconditional moment restrictions. Efficiency bounds for estimators of model (1.1) are
then characterized by the infimum of the information matrix over the class of all distrib-
utions satisfying the restriction (1.1). This efficiency bound is in general larger than the
fully parametric bound if (1.1) is the only restriction imposed. Newey {73] shows that im-
posing additional restrictions on the error distribution such as independence or symmetry
can lead to an efficiency bound corresponding to the full likelihood based lowerbound.
For the case where the statistical model is only restricted by (1.1) Chamberlain [20]
shows under itd conditions that the GM M efficiency bound for an estimator T, for the
parameter (g is Ag = E(Do(z)Zq "' (x)Do(z))~! where Do(z) = E(8m(zt,B,)/80|z) and
So(z) = E(m(z, By)m(2t, Bg) |z). As before, asymptotic efficiency is defined in the local

minimax sense, i.e., for all bowl shaped loss functions ! the following inequaiity holds

liminf sup Erl(vnAy'*(T;, — Bo)) > Eno,r,)l(w) (1.2)
"= (F.B)er

where I is the set of all distributions satisfying the restrictions of the model. The argu-
ments in Chamberlain [20] show that under the assumption of independence for the error
distribution there is a one to one mapping between the moment restrictions and the true
distribution locally at 3;. As a consequence, under these restrictions, Ag corresponds to
the semiparametric bound such that in this case (1.2) holds with equality for the efficient
GM M estimator.

Newey (75] reviews the literature on semiparametric efficiency bounds. Semiparamet-

16
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ric estimators achieving the bound Ag were constructed for the linear regression case by
Robinson [81] by accounting for conditional heteroskedasticity of unknown form in a non-

parametric way. Newey [74] considers the instrumental variables estimator

b =argminy" m(z, 6o) alar) [ a(@a(z)]” ¥ ma BV alz)  (13)
B

in an 7id context. The optimal instrument is a(z;) = Do(z:)E5"' (). Since the conditional
expectations Dg(z¢) and Xo(z;) are unknown functions of z; they have to be estimated
nonparametrically. Robinson [84] treats a similar problem in a time series context but as-
sumes that m(z, §y) can be solved for y; either analytically or numerically. This simplifies
estimation of Dg(z¢). The assumptions made do however not allow for heteroskedasticity.
A frequency domain version of an optimal instrumental variables estimator in a linear time
series framework is considered in Robinson (83].

An alternative approach to nonparametric estimation of the instrument a(z;) has been
investigated by Cragg [22|, Chamberlain [20], Newey [73] and Hansen [46]. The approach is
based on the fact that the conditional moment restriction (1.1) implies an infinite number
of unconditional moment restrictions of the form E(m(z,3)g(x:)) = 0 where g(z:) is mea-
surable and E(g(z)?) < co. Chamberlain [20] shows that the optimal instrumental variables
estimator can be approximated arbitrarily well by a GM M estimator. A complete sequence
of functions {g]-(z:)};?';1 is defined such that for any h € Ly(F') and € > 0 there are real num-
bers ay, ..., a such that [{h(z)~Y" a;g;(z)]2dF(z) < e. A GMM estimator is constructed
from Bi(z) = I, ® (91(), ..., gk (z)] and ¥,(z,B) = Br(z)m(z, B). The estimator B is

defined as minimizing 5~ ¥y (2, 8) Tr! 3" ¥e(2e, B) with i = E[Bi(z)Zo(z)Bk(z)]. Then

17
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by the arguments in Hansen [45], under regularity conditions, \/ﬁ(ﬁk — Bg) = N(0,Ax)
where ALl = E[0vi(2, 8)/88] i  E[0 (2, 8)/08']. Chamberlain shows that Ax — Ag
as k — oo where the main idea of the proof is to approximate Dg(z) by projecting it
onto {g;(z)}. In the time series context, Hansen [46] shows existence of an approximating
martingale difference sequence for the optimal instruments.

Time series estimators based on such martingale approximations have been developed
by Hayashi and Sims [51], Stoica, Stderstrém, and Friedlander [90], Hansen [46] and
Hansen and Singelton [49]. For the case of independent innovations, frequency domain
approximations of these procedures were obtained in Hannan [41] for the stationary case
and for the nonstationary case by Phillips (78], [79].

Hansen {47] analyzes the relationship between the GM M variance lowerbound and the
semiparametric lowerbound in the sense of Levit [62] and Chamberlain {19]. The setup
is a linear vector time series with iid Gaussian innovations where conditional moment
restrictions are available only for a subvector. The class of all linear processes satisfying
these restrictions forms the class of distribution functions over which the semiparametric
bound is formed. Hansen shows that the GM M lowerbound corresponds to the least
informative likelihood specification. This establishes that GM M estimators attain the
semiparametric lowerbound in the class of Gaussian processes.

Hansen and Singelton [49] consider the non Gaussian case but retain the independence
assumption for the innovation process. The setup is again a linear vector time series where
conditional moment restrictions are available only for a subvector. Hansen and Singelton

obtain explicit expressions for the optimal instrument vector and show that a GAMAM
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estimator based on an increasing number of lagged observations as instruments achieves
the GM M lowerbound. This lowerbound corresponds to the asymptotic variance of full
system estimators based on Gaussian likelihood functions.

The general case without independence assumptions is treated in Hansen [46] where
the existence of a lower bound for the asymptotic covariance matrix of GMM estimators
with an infinite set of F,_; measurable instruments is established. The setup is general
enough to include models with conditionally heterogeneous errors. Hansen, Heaton and
Ogaki [48] show that the GM M efficiency bound for the conditionally heteroskedastic case
can be achieved with a set of instruments based on the innovation sequence weighted by its
conditional second moments. In fact this transformation reduces the innovations back to
the case where E(e?|F;_,) is constant. This is the key assumption in Hannan’s treatment.
It also has to be emphasized that in general the conditional second moments are unknown
functions depending on the entire past innovation sequence. The results in Hansen [46]
show that this function can in principle be approximated by an infinite set of instruments.
To this date however no feasible versions of such estimators have been constructed.

The results in this dissertation show, that efficiency gains for the conditionally het-
eroskedastic case can be achieved by restricting the instruments to the linear class. It can
be shown that the IV estimators proposed here are asymptotically equivalent to GMM
procedures based cu a infinite set of instruments constructed from past observations y;_.
Applying such a procedure literally is not feasible in any sample of reasonable size since
it involves inversion of an n x n weight matrix. It is shown here how the problem can be

transformed into a computationally efficient procedure.
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IV estimators in the linear class do not attain the GMM lowerbound under condi-
tional heterogeneity. Construction of feasible IV estimators attaining the bound remains
therefore an open question for research. The justification for the use of a linear class of
instruments lies in its simplicity. This aspect is especially important for generalizations of
the approach to more general regression models and to multivariate contexts. Empirical
applications include hypothesis tests and confidence interval estimation. One area where
efficiency gains from accounting for conditional heteroskedasticity are important are ra-
tional expectations models for financial markets. The IV estimators proposed here offer
efficiency gains without having to specify the functional form leading to heteroskedasticity.
The simulation results in Part III indicate that estimators are sensitive to misspecifica-
tion of these higher moment aspects of the data which underlines the need for robust
semiparametric methods.

We turn to a discussion of alternative feasible estimators taking the conditional het-
eroskedasticity of the errors into account. An important class of procedures is fully para-

metric while more recently semiparametric and Bayesian alternatives have been suggested.

1.3. Feasible Procedures for Conditional Heteroskedasticity

Efficient estimation of regression parameters under stochastic conditional heteroskedastic-
ity was first studied by Engle[26] in his influential paper introducing the ARCH model.
Generalizations of ARCH include GARCH (Bollerslev[9]), ARCH-M (Engle, Lilian and
Robins(27]) and EGARCH (Nelson[70]). ARCH specifications have been extended to mul-
tivariate models as for example in Bollerslev, Engle and Wooldbridge[10]. An asymptotic

theory for ARCH models has been obtained by Weiss[94]. His results were extended in
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subsequent papers on GARCH(1,1) and IGARCH(1,1) specifications by Lumsdaine[64]
and Lee and Hansen[61]. Yet as noted by Lee and Hansen[61], the asymptotic theory
for the GARCH(p,q) class does not easily follow from their work on the special case of a
GARCH(1,1) model.

Motivated by the study of continuous time option pricing models with changing volatil-
ity, an alternative formulation of conditionally heteroskedastic models has become popular.
Stochastic volatility models represent the time changing variance as a separate stochastic
process. This can be interpreted as a generalization of the ARCH model where the variance
is restricted to be a function of the past errors in the measurement equation alone (see
Andersen[1]). Models of this type are studied amongst others in Melino and Turnbull{67],
Harvey, Ruiz and Shepard[50], Geweke[35] and Jacquier, Polson and Rossi{56]. Multivari-
ate extensions have been considered by Harvey, Ruiz and Shepard(50] and Boudoukh(11].

Inference for stochastic volatility models is complicated by the unobservability of the
conditional variance. Estimation was first carried out by moment matching techniques as
in Chesney and Scott[21]. Melino and Turnbull[67] introduced GMM estimation, but note
that selection of the appropriate moments is arbitrary to some degree.

A recent approach based on the marginal distribution of the errors has been proposed
by several authors including Danielsson and Richard[23], Geweke[35], Jacquier, Polson
and Rossi[56], Mahieu and Schotman[66] and Shephard(86],(87]. Despite distributional
assumptions on the volatility process, the marginal distribution of the errors is generally not
known analytically. Yet recent developments of simulation techniques, for example Pakes

and Pollard[77] and Geweke[36], make a numerical evaluation of the marginal distribution
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possible. The strength of the simulations based approach is that it puts inference back
into a likelihood context where optimality properties of the estimators should hold. The
disadvantage of the procedure, however, lies in the complete distributional assumptions
that have to be made about the conditional moments. Computational considerations might
also be relevant especially for multivariate generalizations.

An alternative solution is proposed by Uhlig (93] where a Bayesian VAR with stochastic
volatility is proposed. Conjugacy between Wishart and multivariate singular Beta distri-
butions is exploited to determine the joint posterior analytically. The advantage of the
analytical solution is that the posterior only depends on the final stage conditional vari-
ance leading to a significant reduction in the dimensionality of the numerical integration
problem.

Semiparametric alternatives to quasi maximum likelihood inference for the ARCH class
were introduced by Linton[63]. It is established that these adaptive procedures are local
asymptotic minimax as defined by Hajek[38] and Fabian and Hannan(28]. Steigerwald(88|
extends the analysis to GARCH, EGARCH and power ARCH cases. An alternative semi-
parametric approach is developed in Gallant and Nychka[32] and applied to financial data
in Gallant and Tauchen(33] and Gallant and Long[34].

A common feature of the parametric and semiparametric approaches discussed so far is
that they all specify generating mechanisms for the higher moment dependence of the error
process. The focus of the analysis in this literature is often the volatility process itself.
If, however, the investigator is only interested in estimating parameters in the regression

equation, then choosing a particular parametric model for the statistical properties of the

[
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errors is often undesirable. In the iid case, we typically only impose restrictions on some
moments of the errors, rather than specifying the distribution completely. This idea is
extended here to the case where the errors are not independent. Inference is based solely
on quantities that can be estimated by assuming that the model of interest, i.e., the re-
gression equation, is correctly specified. As a consequence, the techniques introduced here
differ in many ways from the literature on conditional heteroskedasticity. First, and most
importantly, only estimation of the regression parameters is considered. The conditional
volatility process is treated as a nuisance parameter which is handled by nonparametric
techniques. Secondly, the inferential framework is not a likelihood approach, since we do
not make enough assumptions to specify the data density or to estimate it nonparamet-
rically. Neither do conditional moments enter the picture. Again, the assumptions made
do not allow one to estimate them in a consistent way. Inference is therefore based on
unconditional moments of the data and of estimated errors.

The procedures proposed here are similar in spirit to the semiparametric GLS and in-
strumental variables (IV) estimators of Robinson {81] and Newey [74], where no parametric
assumptions about the form of conditional heteroskedasticity are made. However, in order
to estimate the conditional variance, these authors have to assume independent errors.
This assumption has precluded direct application of their techniques to the stochastic
conditional variance case.

Hidalgo [52] relaxes the iid assumption for the errors but has to assume instead that the
conditional variance is a smooth function of an independent stationary process. Hansen|44]

treats the stochastic volatility model in a semiparametric GLS framework. He assumes
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that the conditional variance process converges to a Brownian motion in the limit. Sample
path continuity of the limit process then allows for consistent kernel estimation of the
conditional variance.

Semiparametric GLS estimators in general require consistent estimation of the con-
ditional variance. Nelson[71] and Nelson and Foster(72] discuss conditions under which
consistent estimation of the conditional variance is possible. An example where consis-
tency fails is a mixed jump diffusion for the volatility. More generally, consistency is likely
to fail if there exists no continuous approximation to the volatility process. Instead, the IV
estimators proposed here do not rely on the consistent estimation of conditional moments.
They are constructed uniquely from unconditional moments and thereby allow for a wide

range of possible generating mechanisms.

1.4. Organization

The dissertation is organized as follows. Part I discusses efficiency bounds for the general
case of univariate linear processes. Section 2 specifies the model and describes the parame-
ter space. Section 3 analyzes the asymptotic distribution of the Gaussian Quasi Maximum
Likelihood estimator. Section 4 derives a lower bound‘ for the asymptotic covariance matrix
of the Gaussian QMLE. Section 5 shows that a class of instrumental variables estimators
with instruments that are linear in the innovation sequence has the same lower bound for
the covariance matrix. This fact is then used to identify the optimal IV procedure in this
linear class.

Part II is concerned with the implementation of the optimal IV procedure identified

in the first part. This is done for the case when the linear time series model is an AR(p)
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process. Section 6 introduces additional restrictions on the fourth order moments of the
innovation process in order to simplify the construction of the optimal instrument. Section
7 obtains a time domain representation of the IV estimator. Section 8 discusses a frequency
domain approximation and Section 9 constructs a feasible semiparametric estimator.

Part III analyzes the efficiency properties of the IV procedure for the case of an AR(1)
model. The IV procedure is compared to full maximum likelihood procedures and to
misspecified likelihood procedures. Simulation results are reported for a variety of specifi-
cations regarding conditional heterogeneity of the error process.

Proofs of some important lemmas are given in Appendix A while the main results of

Parts I and II are proved in Appendices B and C.
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Part I

Efficiency Bounds

The first part of this dissertation analyzes the asymptotic distribution of estimators for the
parameters of general univariate linear time series models. Special cases of these models
are the ARM A(p, q) class. The innovations driving the time series model are assumed to
be martingale difference sequences. As a consequence, the linear specification correctly
models the conditional mean of the data.

While the martingale difference assumption results in uncorrelatedness of the inno-
vations, it generally does not imply independence. A consequence of the dependence in
the errors is that fourth moment terms do not factor into a product of second moments.
This has important consequences for the asymptotic distribution of linear time series mod-
els. The covariance matrix now is a function of fourth order cumulants and asymptotic
normality depends on finiteness of these fourth moments.

In general, the asymptotic covariance matrix depends on the full trispectrum of the
innovation sequence. Under the martingale difference assumption the trispectrum reduces
to a bispectrum. This simplification is the key to an orthogonalization of the asymptotic
covariance matrix.

Using the decomposition of the asymptotic covariance matrix, a matrix lower bound
based on the Cauchy Schwartz inequality is obtained. The main result of this part is
to show that this lower bound is a lower bound for the covariance matrix of a class of

instrumental variables estimators. The class is defined by restricting the instruments
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to be linear functions of the innovation process. Such a restriction certainly involves a
cost in terms of potential additional efficiency gains from nonlinear instruments. The
justification of the procedure is based on practical considerations. It results in estimators
which are easy to compute and weakly dominate Gaussian estimators in the sense that
their asymptotic variance is bounded above by the variance of the Gaussian estimators on
the whole parameter space. The asymptotic properties can be fully analyzed for parametric
examples. This is done in Part III.

In this part, M-estimators based on orthogonality restrictions between current innova-
tions and instruments are analyzed. The discussion is at a general level and the focus is
on the efficiency properties of the estimators. The asymptotic theory is derived based on
high level assumptions. The implementation of these estimators is left to Part II where a

simplified case is treated in full detail.

2. Model Specification

We assume that we have a probability space (2, F, P) with a filtration F; of increasing o-
fields such that F; C F, 1 C F Vt. There is a doubly infinite sequence of random variables
{et} o _ generating the filtration ;. The innovations ¢; are assumed to be a martingale
difference sequence. This has important consequences for the fourth order cumulants.

Following Brillinger {13], the 4-th order cumulant is defined as

Ce.c (ul’ us, U3, U4) = Z (_l)p—l (P - 1)!me..e (uul) T Mg g (Uuk) (?"1)
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where the sum is over all partitions vy, ...,v of the numbers 1,...,4 and u,, is a multi
index of all the elements in v;. Strict stationarity implies that one time index u; can always
be normalized to zero without loss of generality. By the martingale difference property
Ce.e (U1, ..., u4) is zero if the largest index does not appear as a pair. These restrictions can

be conveniently summarized by defining the following function

(
E (E?C't—|s|5t-(r|) for s #r, sgn(r) = sgn(s)

o(s,7) =4 E(e2l,)—o* fors=r, sgn(r) =sgn(s) forrs€{0,£1,£2,..}.

0 sgn(r) = —sgn(s)

‘ (2.2)

Let a5, = o (s,r) if s # 7 and ar, = o (r,7) + o*. A detailed treatment of the form of
the fourth order cumulant spectrum under the martingale difference sequence assumption
is contained in the proof of Corollary (3.4) in Appendix B. The sequence {e;};o_,. is

assumed to satisfy the following assumptions.
Assumption Al. (i) g is strictly stationary and ergodic.

(ii) E (e¢ | Ft—1) = 0 almost surely.

(iii) E (2 | Fi-1) = o? almost surely.

(iv) E (}) = 02 < co.

(V) Srei Y, lkllo(s,r))=B <ocofork=sand k=r.

(vi) E (efe?_,) >a some a> 0 for all s.

Remark 1. Strict stationarity and ergodicity are assumed for convenience. The theory

could be developed without these assumptions. The critical assumptions are the martin-
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gale difference sequence assumption A1(ii) and Assumption Al(iii) which states that the
second moments are conditionally heterogeneous. A consequence is that terms of the form
E (e?e¢—se1—r) are nonzero for s # v # 0 and depend on s for s = r # 0. Assumption (v)
defines the fourth order cumulants of e; which reduce to the function o (s,r) due to the
martingale difference assumption (i). Assumption (vi) is not restrictive. Its only purpose
is to guarantee that the innovation distribution does not have all its mass concentrated at

zero.

By definition of the conditional expectation operator, o; is F;—, measurable. As-
sumption (Al) implies that 2 is strictly stationary and ergodic and therefore covariance
stationary. It should be emphasized that no assumptions about third moments are made.
In particular this allows for skewness in the error process.

The econometrician does not observe the innovation sequence {&;},2__ directly but

has a finite stretch of data {y;},., which is generated by the following mechanism

oo

= zc(ﬁ’j)ft—j- (2.3)

=0

with Z ~0lc(8,7) ||]|1/2 < oo for a given 8 = B, € R% We define the lag polynomial
C(B,2) = Z‘;?__o ¢(3,7)z’ and impose an identifying condition ¢(3,0) = 1.
For the special case of an ARM A(p,q) process, the lag polynomial has the familiar

rational form
6 (2)
#(2)

C(B,2) =
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with8(z) = 1-012—...—6,27 and ¢ (z) = 1~ 2—...—P,zF and g = (B1:-- -2 0p: 01 .6g).
Let gy (8,)) = |C(B, e"'\)|2 . If the errors &; are weakly stationary and uncorrelated, as
for example under Assumption (Al), then the spectrum of y; is given by fyy(8.A) =
g—,zrgyy(ﬁ, A). It is an immediate consequence of the normalization assumption that

/_1; _—_alnféy;,ﬁ(ﬁ, /\)d/\ =0.

While it was shown by Hosoya (53] that such an assumption is not needed for con-
sistent estimation of the model it will be maintained for convenience. The remaining
assumptions of the problem are related to specifying the parameter space in a way to en-
sure stationarity of y;. The assumptions basically require continuity of the spectral density
fyy to prove consistency and twice continuous differentiability for asymptotic normality.
The necessary assumptions are discussed in Hannan [42], Dunsmuir and Hannan {25],
and Deistler, Dunsmuir and Hannan[24]. As shown in these articles, a careful distinction
between convergence of the parameters in ¢(8,j) and the structural form parameters is
needed. Consistency proofs typically establish convergence in the pointwise topology. An
identification condition is then needed to obtain convergence in the quotient topology (see

below). The following assumptions correspond to the assumptions in Hannan [42].

Assumption B1. Let C(f,z2) = Z?‘;O c(B,7)2? such that c(B,j) is continuous in 3 for
all j and ¢(8,7) = 1 and ) ;24 |c(B, )| Ij|*? < 0. The parameter space © is a subset of
R¢ defined by

6 ={BeR!|g;! (BN £0 for |2l <1}
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with compact closure ©.

Assumption B2. Define 6 = 0N {f ¢ R?|gyy (B, A) > 0 for A € [—m, 7] } and assume

that Bo (S 90.
Assumption B3. V§ > 0 {gyy(8,)) + 6} ~* is continuous in (), ) € [-7, 7] x ©.
Assumption B4. For all B € ©, gyy(Bg, \) # gy (B, A) whenever 8 # (3.

Assumption B5. For a neighbourhood U of By, U C ©g, 8%gyy(8, ) /0B84 is continuous

inA€[—m,7| and B € U.

Remark 2. Assumption (B5) is needed for the asymptotic normality result. This is also
true for the restriction 3224 |c(8, )| |7 ['/2 < oo which can be relaxed to Yo le(B,4)l < oo

for the consistency proof.

Remark 3. Assumption (B4) guarantees that the limit of the criterion function of a
certain Gaussian estimator is uniquely minimized at ;. The assumption however only
guarantees that this is true for a certain (3,. To ensure identification of the class of models
indexed by 3 € ©, stronger restrictions need to be imposed on the function C(3, ). These
restrictions are discussed in general terms in the next remark and are later specialized to

the case where C(3,e**) corresponds to the class of ARM A models.
Remark 4. Additional restrictions on the class of functions C(3, e*) are needed to guar-

antee identification of each member in the class. Let

Co = C [~7, 7] N {gyy(B, A) satisfies B1-B4} .
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Assumpticns (B1-B4) guarantee that g, (3,A) € C |-, 7] for all 3 € ©. A topology on
Co can be defined in terms of pointwise convergence of the coefficients of ¢ € Cy. To be
more precise and following Ash [5, pp. 376-378] let {Cj},.; be a collection of spaces of
analytic functions of the form z(B, j) = c(8,j)e*™. The product topology on Co = [];¢; C;
has as a base all sets of the from {C(8,€*) € Cy : ¢(B,j)e'™ € C;} and is also called the
topology of pointwise convergence. It is the weakest topology making the projections p;
of Cq onto C; continuous. Then by Ash [5, theorem A3.2] for a net ™ € Cy and ¢ € Cy.
then c™ — ¢ iff cg-") — ¢;. Also a map f from a topological space © onto Cy is continuous
iff pi o f is continuous. In our case p; o f = ¢(3,j) which is continuous in 3 by assumption
(B1). If the inverse image of an open set U C Cy, f~! (U) is open in © then f is called an
identification map of © onto Cy. If f also is injective then it is a homeomorphism and © and
Co are homeomorphic.. Now let R be an equivalence relation on ©. Let ©/R be the set of
equivalence classes such that the quotient space of © on R is ©/R. The quotient topology
on ©/R is the strongest topology such that the canonical projectionp : © — ©/R is an
identification. Let f : © — Cy be an identification map and define the equivalence relation
R on © by calling 6; and 85 equivalent iff f (61) = f(62) . Then ©/R is homeomorphic to

Co (see Ash [5, theorem A3.6]).

Remark (4) shows that additional structure for the function C(3,e**) is needed to
construct an identification map between reduced form and structural parameters. An
important class of functions where an identification map exists is the ARM A class. The
following assumptions are univariate versions of the assumptions in Dunsmuir and Hannan

(25, p. 345] and Deistler, Dunsmuir and Hannan [24, p. 364]. To avoid confusion it should
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be emphasized that the notation is reversed relative to these articles, i.e., © stands for a

subset of RP*? containing the structural form (ARM A) parameters.

Assumption C1. The parameter space © is defined by

© = {BeR|¢(B,2)#0 for |2| <1,6(B,z) #0 for |z <1

0 (B,z) and ¢(B,2) have no common zeros}

Assumption C2. © is the closure of ©. Let

01 =0N{BER™|B, #0,5pq #0}

and ©, = O] N {B € RP*|0(5,2) #0 for |z| < 1}. The true parameter 3, lies in ©;.

Remark 5. Deistler, Dunsmuir and Hannan [24, theorem 3, lemma 1] show that ©, is
open in RP*? and dense in ©. They also state that © is homeomorphic to the quotient
topology since all equivalence classes on © are singletons. It follows that the same property
holds for ©, since ©; C © and the canonical projection is the identity also on ©;. To
establish that the quotient topology is homeomorphic to the product topology it is therefore
enough to show that there is an injective identification map f : ©1 — Cy. For the ARMA
case the function f is f(8,z) = ¢~ (B,2)8(B,z) which is clearly continuous in 3 € ©.
Deistler, Dunsmuir and Hannan [24, p. 365] show that f has a continuous inverse such

that ©,and Cy are homeomorphic.
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Properties of optimization estimators depend on the topological structure of the para-
meter space. While ©; is not compact it can be shown to be locally compact. A natural
way to proceed is to equip ©; with the relative Euclidean topology. It can now be es-
tablished that if 3,, 3, € ©; such that 3; # (3, then there exist open neighbourhoods N,
and N of B; and (3, in the Euclidean topology (i.e. open spheres with constant radius)
such that N, Ny # @ and N} N N, = @ by the properties of R?. Continuity of gy (3. )
insures that N; and N can be chosen such that Nj, No € ©;. This establishes that 9, is
a Hausdorff space. Since RP*? with the Euclidean topology is locally compact it follows

that ©, is a locally compact Hausdorff space.

3. Properties of Gaussian Estimators

So far the focus of the discussion has been to specify the model to be estimated. Next a de-
finition of the Gaussian estimator is given. We introduce discrete Fourier transforms of the
data defined as wy(\) = ﬁ S yee A, The periodogram is In yy(A) = wny(A)wny(~A).
Also let, gyy(3,A) = 27/02 £, (8, A). Then, as in Hannan [42], we consider the estimator
3,, which minimizes

T Iy (M)

@nlA) = / an BN

It will turn out that the estimator is still consistent under Assumption (Al) but no
longer efficient. Consistency still holds since it depends only on the uniform convergence of

@n(B) and the properties of its limit. We summarize these results in the following Lemma.

Lemma 3.1. Under Assumption (A1) and either Assumptions (B1-B4) for the case of an

unrestricted linear process or (C1-C2) for the case of an ARM A specification, Qn(3) =
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2 . 5 g2 .
=/ %d;\ for all B in © and for every § > 0 Qn(38) =3 L i iﬁ%ﬁ%d/\ uniformly

in B € ©. Also, Bn 3 Bo-

Proof. The proof is the same as in Hannan [42], since y; is strictly stationary and
ergodic. B

While the estimator is still consistent under the more general conditions it has a differ-
ent limiting distribution. This has important consequences for statistical inference carried
out on the basis of asymptotic approximations to the distribution of the estimators.

The following result shows how the limit distribution of the parameter estimates de-
pends on the properties of the error process in the case of higher order dependence. In this
sense, the result applies to a very general class of time series models under nonstandard
assumptions. The form of the asymptotic covariance matrix has the typical form of the one
for a maximum likelihood estimator under misspecification of the distribution. It reflects
the fact that the expectation of the squared score function is not equal to the expectation
of the Hessian matrix. At the same time it can also be represented in a form similar to the
asymptotic covariance matrix of an inefficient GMM estimator. This last property will be
exploited to derive a lower bound for the covariance matrix.

Introduce the notation 7(3,A) = 8ln gy, (B, A) /08 and b = (27)~1 [7(B, A)e~**dA.

For the ARM A(p,q) model the derivatives of the log spectral density are given by

Blngyy(ﬂ,z\) L e~ M ~ eb\I
o, T d(e™)  g(e?)

had A+3) AL+5)
-t +3 i +7
= =) by, (e +e )
ord
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and

dlngn(6) _ _eN o
56, R TP=?y TP
o
—tA(l+5) 1A(l47)
= —Zwo'J e +e
> s ( )

where ¢71(2) = > 20,2’ and 671 (2) = Y22, ;27 It follows immediately that
by = b_x and by = 0. The same can be established for the more general model with
g (B, ) = 1C(B, NP

We now consider the asymptotic distribution of n!/2Q,(3,)- This is done in the next

proposition.

Proposition 3.2. Under Assumption (Al) and either Assumptions (B1-B5) or Assump-

tions (C1-C2), n/2Q.(8,) 4, N (0,B), where

B | 6o, V)il 3 dA
+2 [ [ e O ) 160, B0, ) ddn. (3.1)

Here, f.2..()\, p) is defined as foo. (A, 1) = (27) 2 00 _ oo o2 _ o 0 (k, 1) e **+8D) where

o (k,l) is defined in (2.2).

Proof. The proof follows immediately from Lemma (A.4) since Y ||bk]| kY% < co. M
Next we turn to the proof of asymptotic normality of the estimator 3,. Let |.| de-
note the Euclidean norm. Then by the consistency result from Lemma 3.1 there exist

neighbourhoods N5 = {8 € © : ||8 ~ Bl < 6} for § > 0 such that P(3, € Ns) — L.
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It is therefore possible to derive the asymptotic distribution of Bn by a component by
component mean value expansion of the first order conditions around 3g. In particular, we

consider as in Hannan [42]

0= ’nl/2aQ"-(ﬁ0) + a2Qﬂ(IBn) 1/2 (;3" _ 60)

0Qn(B,)
1/2 n) _
T o8 9B 2898

where [-3,, such that l Bn — 50” < “ﬁn - 60” , which implies that Bn LN By by the consis-

tency result. Using Proposition (3.2), it remains to show that

52 n ~n 2 ) ) ,
T 2 - [ B0 A5, Y

This follows directly from the consistency proof since

Q) _ 2
0-2 ™

- 5= gyy(ﬁov ’\)

——— g3, \)dr
57 ). é)ﬁaﬁgyy(ﬁ )

where the convergence is a.s. uniformly on a compact subset U of ©. Choose U such that
8o € U. The desired result then follows by continuity of % I7_ayy(Bo, N)0%g5;1 (8, 1) /0303
and the fact that Bn LA Bo- Using these results we can now state the main result of this

section.

Theorem 3.3. Let ¢, satisfy Assumptions (Al) and let y, = C(By, L)€, where C(3.L)

either satisfies Assumptions (B1-B5) with 3 € R% or C(3,z2) = 6(z)/¢(z) with 3 € RPH?
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and Assumption (C1-C2) holds. Define 3, = arg mingeg Qn(8) and

A= [ 960, (B, A A (3.2

Then, /n(B, — By) < N(0, A"'BA™Y).

The next corollary shows how the result in Theorem (3.3) relates to more general time
series estimators as discussed in Hosoya and Taniguchi [54] and Keenan [59]. For this

purpose, define the fourth order cumulant spectrum as

(oo}

1 —i u
fs..s(/\ly/\21/\3) = (27&')3 Z Cs..e(ul,uz,U3)e {Z?:x J’\J}. (3.3)

uy,u2,u3=-0oc

Following Brillinger {13], the k-th order cumulant is defined as

Ce.e (ul,u2, ceey uk) = Z (_1)p—l (P - ]-)!me..s: (uul) T cMe g (uvk) 3 (34)

where the summation is over all partitions of the numbers 1...k. For example, if v; =
(1,2,5), then t,, = (u1,u,us) and me_ ¢ (up,) = E (€u,, Euy, Eus) - Stationarity implies that
only the relative time difference matters so that one time index can always be normalized
to zero.

Keenan[59, Corollary 3.5] derives the asymptotic distribution for spectral estimators
without the martingale difference assumption for the errors but with additional summa-
bility assumptions for all higher order cumulants. Specializing his results to the linear

process case leads to the asymptotic covariance matrix Q = A-1BA-! for 8, where 4 is
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as defined in (3.2) and

B = 4r / (8o, \V(Bos A)' 2 (X) dA (3.5)

-7

+or /_ /_ 7(Bos Nin(Bos 1) foe (s 1ty =A) dAdL.

The following corollary shows that the variance of the estimator in Theorem (3.3) is a
special case of (3.5). The intuition behind this result is clear since under the martin-
gale assumption, f2 (\) = o4/ (27)? and as will be shown in the proof of the corollary,
2 fe.e(A py =A) = 1/2[fezee (N, =A) + foree(p —1)] + fezee(A, —1) + fezee(A, ). The fact
that for the asymptotic variance only the 0 mod 27 submanifold [, — A, i, —p of [-7, 7]*

matters is responsible for the appearance of the term f.2.. (A, —)).

Corollary 3.4. Let B be defined as limp_.o var (ﬁ I Lnee () (B0, A)d,\) under As-
sumption (A1) and (3, ) is a continuous even function on [—n, ] with Fourier coefficients

b such that 322 | |bg| |k|'/* < co. Then, B can be written as

0y

¥ig
B=20A2m [ [ foc(u =) (B0, B, ) drd

- J -7

where fe ¢ (pt, A, —p) is the fourth order cumulant spectrum defined in (3.3).

Proof. See Appendix B
The corollary shows that the martingale assumption is the critical element in the reduc-
tion from the general case involving a fourth order cumulant spectrum to the case where

the variance of the score process only depends on the spectral density of the squared errors.
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It is the purpose of the next section to obtain a lower bound of this covariance matrix for
a certain class of transformations. It is then shown that these transformations are related
to the class of instrumental variables estimators with instruments that are linear filters of

the innovation sequence.

4. Covariance Matrix Lowerbound

While the most compact representation of the covariance matrix A"'BA~! is in terms
of an integral of spectral density functions, more insight into the structure of the prob-
lem can be gained from a time domain representation of the matrix. Recall the defin-
ition of by = (2m)~' [T_#(B, ) e**d), the vector of the k-th Fourier transform of the
first derivative of the log spectral density. By Parseval’s equality, we have Y 7o, bebl, =
= [T 18, X)7(8B, ) d\. This also implies that e bkl = A/ (20%). Further, define
the matrix

P, = [b1, ..., bm).

Then, limm—.co PP = 2= [7_71(#,A) 71 (¢, X) dX. Next, introduce

o(l,1)+0* .- o(l,m)

Qn=|: U . (4.1)

o(m,1) o o(m,m)+o

It follows that B = 4 limmp—oo P QmPrm- Thus,

AT'BA™ = ¢* lim (P Pn) " (PhQmPr) (PoPm) ™.

m—oo
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Before obtaining a matrix lower bound for this covariance matrix we need to investigate
the properties of the fourth order cumulant matrix .. In particular, we need to establish

that this matrix is invertible for all m. This is done in the next Lemma.
Lemma 4.1. Let Q,, be defined as in (4.1). Then, Q! exists for all m.

Proof. First, note that Q,,, is symmetric since o(k,l) = E(e?e;—xe¢~1) = o(l, k). Then. by
the Shur decomposition (see Magnus and Neudecker (65, p. 16]) for all m there exists an
orthogonal matrix Sy, such that $,»Q,Sym = Am, where A, is diagonal with elements AT*.
j =1,...,m. Now, for any z,, € R™, z,, # 0, we have :z:;an:z:m =E zi,matet_,-)z >0
where the inequality is strict by Assumption (Al). So Q, is positive definite such that
A7" > 0 Vj,m. This shows that Q, has full rank. B

Invertibility of Q,, for all m however is not enough to show that Q, is invertible in
the limit. We briefly review the theory of invertible operators (see Gohberg and Goldberg
[37, p. 65]). For two Hilbert spaces H) and Hz denote the set of bounded linear operators
mapping H, into Hs by L(H;,Hs). Then A € L(H,, Hs) is invertible if there exists an
operator A~! € L(Ha, Hy) such that A=Az = z for all z € H; and AA~ !y = y for all
y € Ho. Let kerA={z € H : Az=0} and ImA = {Az: 2 € H,}. Then A is invertible
if ker A= {0} and Im A = Ha.

Following Hanani, Netanyahu and Reichaw [40] we now choose H;, Ha as linear spaces
whose points are sequences of real numbers denoted by z = {z;,z2,...} andy = {y1,y2,...} .
Define the norms [[zf|, = (3_; |z:|P)/? and ||z||., = sup; |z;|. Then H is the space of all
bounded sequences, denoted by [%, if ||z, < oo for all z € H. Similarly let I” be the

space of all sequences that are bounded under the |||, norm. An operator A : [P — [P.
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p > 1, is now defined by the infinite dimensional matrix A = (a;;),%,j = 1,2, .... such that
y = Az € IP for all = € IP. This can be written element by element as y; = ) 3° a; ;Z;
for all i. The operator A is invertible if the only solution to Az =0 is z = {0,0,....} and
ImA=1P.

Hanani, Netanyahu and Reichaw (40, Example 1] show that A may have an inverse on
[P for p > 1 but not on [*°. Their example also shows that existence of an inverse in the
subsystem of linear equations defined by A™ = (a;;),%,7 = 1,2,...,m does not imply the
existence of an inverse for the infinite system. This follows from the fact that for finite
sequences [P and [* are identical.

Invertibility of infinite dimensional matrices is analyzed in Hanani, Netanyahu and
Reichaw [40], Gohberg and Goldberg [37, p. 65] and Farid {29], [30]. The conditions given
by these authors do not readily apply to the matrix Q = limn, Q. We use arguments

similar to the ones in the proof of Lemma (4.1) to establish invertibility.

Lemma 4.2. Let Q,, be defined as in (4.1) and let Q@ = limp, Q.. Then Q € L(I*°,1*°)

and Q! exists.

Proof. From Assumption (Al) it is clear that Qz € [* for all z € [*°. It remains to
show that ker Q = 0. Assume there is z € [*® such that z # {0,0,...} and Qx = 0. Then
also £ Qz = 0 which can be written as EX 2, zie1ei—i)? = 0. But this is only possible
if 3" zieiee—; = 0 with probability one. Now 3" rieee—i = 0 a.s. if erer—i = 0 a.s. or the
functions ¢,_; are linearly dependent a.s.

If €;—; are linearly dependent then 3a € [, a # 0 such that > aiei—; = 0 a.s.

Without loss of generality a; # 0. If a; = 0 for all i = 2,3,... then Y aiet—i = 0 a.s.
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is trivially contradicted. Now assume a; # 0 for at least one i = 2,3,.... such that
€1 = —ozl'1 Y oo, i€—i a.s. But then E(e,—1[Fia) = —01_1 S, ugr—; a.s. so that
E(e;—1|Fi—2) # 0 with positive probability. This contradicts the martingale difference
assumption.

On the other hand if e;6;—; = 0 a.s. for all i then e?e? ; = 0 a.s. But then E(e?e? ;) =0
for all 7 which contradicts Assumption (Al). Therefore 2z = 0 can only hold if z = 0.
Thus Q is a positive definite bounded linear operator and therefore has an inverse (see
Schmeidler [85, p. 62]) B

Form Hanani, Netanyahu and Reichaw {40, Theorem X.4.2] it also follows that Q! is
bounded, i.e., ||Q7!| = supyz<; |27 || < 0o. Thus sup; ; [wi ;| < oo where [Q71;; =
Wi j.

Next, we need to establish properties of the matrix Q! as m tends to infinity. In
particular we want to establish that the inverse ;! approximates Q! as m — co. We

define Wi = [k, and analyze the properties of w{ in the next Lemma.

Lemma 4.3. Let Q, be as defined in (4.1). Define Q,} such that Q;'Qn = I, and

Q! = Im Ym. Let % = [Q!]s; and [Q7Y;j = wi ;. Then W — w;; for all i.j as

m—ooandVi# jwi;—0asj—00,Vj#iw;—0asi— o0, wi; =0 *asi— 0.

Proof. By Assumption (Al) we know that > 3" |o (k,!)] < B thus >, lo(k,1)] < B for
any [. Therefore for any fixed [, ¢ (k,l) — 0. This holds also if the roles of k and [ are

reversed. Also > . |o (k,k)| < B such that o (k,k) — 0. Define the infinite dimensional
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matrices 873, 55; and S35 according to the following partition

Q:Q’"SE
S5 S5

Then tr(SBST) = SR mer Sy o (k, )2 — 0, tr(SRSY) — 0 and tr(SE—0*I) (SR —

o4I) — 0 as m — co. Then define the infinite dimensional approximation matrix

Clearly Q%! exists Ym by Lemma (4.1) and the partitioned inverse formula. We now have
(Q—l _ t—].) Qt—l(Q 0* )Q 1

such that

o7t -t < e HHR - i

We have shown in Lemma (4.1) that the smallest eigenvalue AT* of Qr, is nonzero. Then
by a familiar inequality for all z € R™ z'Q;lz/zr'z < /AT < oo Vm. Then ||} =

sup, 7 Q;lz/z'z + 0% < 00, |27} < oo and

Q-9 = sup2 Z Zla(u |zk| || + Z Z lo (b, D) ] |l

llzll<1 l—m+1 k=1 k=m+1l=m+1
< 2 Z Z[a(k,l)|+ Z Z lo (k,1)] = 0 as m — oo.
I=m+1 k=1 k=m+1Il{=m+1
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Thus |[Q7!' - Q57| »0asm — o R
Using this notation we can state our next theorem, which establishes a lower bound

for the covariance matrix.

Theorem 4.4. Let the asymptotic covariance matrix of 3 be A"'BA™!, where A is defined
in (3.2) and B in (3.1). Then, limm—oo (P25 Pr) ™" exists and

A7'BAT! - % lim (P, Pm)”" 20,

m—o0

where > Q stands for positive semi-definite.

Proof. See Appendix Bl
Define w;; as the limits of the elements in the matrix Q;!. The optimal covariance

matrix Z = limp—oo (P, Prm) ™} can be evaluated to be

-1

_ Lf: 3 ks ( / ’;fz(w)e**dx) ( [ ateny e'“dA)] L @)

=1 =1

(1

In the next section we will show that the formal analogy between (4.2) and the lower
bound for the standard GLS estimator can be exploited to construct an efficient instrumen-
tal variables estimator. The standard GLS estimator corrects for heteroskedasticity in the
observations y;. Here, however, y, is strictly stationary and therefore has a homogeneous
marginal distribution. Heterogeneity is introduced through a nonconstant autocovariance
function of €?. The GLS type transformation needed in this case is thus to reweight each
innovation by the correlation with £?. Heuristically speaking, a GLS transformation is per-

formed on the innovation sequence rather than on the observations. This approach will be
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formalized next.

5. Optimal Instrumental Variables Estimators

The main result of this part is to relate the lower bound previously obtained to a class of
instrumental variables estimators. The lower bound covariance matrix for the class of IV
estimators will be shown to be equal to Z in (4.2).

The instruments z; are restricted to be linear functions of the innovation process &;.
Restricting the instruments to the linear class has implications for the efficiency properties
of the estimators. It rules out conditional GLS transformations and ML estimators for
parametric cases. Linearity, on the other hand, leads to a tractable theory. We define z,

as

oo
= Z QkEt—k
k=1

with a; € R? and 37 |5|*/? ||a;l| < co. In particular we use the same number of instruments
as parameters to estimate. The estimation problem for the time series model can be stated

in terms of the orthogonality condition
E[(C(By, L)yt) 2] =0 (5.1)

with z; an JF;_i-measurable instrument.
Rather than offering a complete analysis of the consistency and asymptotic normality
of estimators based on this orthogonality condition, we will make high level assumptions

to that effect. The special case of an AR(p) model will be treated in detail in the second
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part.
We follow Hansen [45] in working with a general criterion function @,(3,,) such that

the estimator (3, is defined as the solution to

1@n(Ba)I? /2 = 0.

Qr(B,) will be assumed to behave asymptotically in a way to satisfy (5.1). Since
typically Qn(8p) is a function of (C(8y, L)yt)z: = €z it is natural to require a martingale
CLT to hold for \/nQn(Bg)-

Consistency arguments are complicated by the fact that the parameter space for linear
time series models usually is only locally compact. The consequences are far reaching.
Jennrich’s [57] lemma 2 and 3 are not applicable implying that one can not even ensure
that 3, is a measurable function. Hosoya and Taniguchi [54], Kabaila [58], Taniguchi [92]
are assuming compactness of the parameter space to avoid consistency problems. Such an
assumption is not valid in the ARMA case.

Here we will proceed by adopting the Type B consistency proof in Huber [55]. The
formulation there is in terms of low level assumptions on the criterion function and the
data generating process which are not readily adaptable to the present situation. In a
later development in the theory of nonlinear estimation, Wu [96] states the consistency
proof in terms of high level assumptions on the criterion function. A similar approach is
taken in Pakes and Pollard [77]. However, both treatments rely on compactness of the
parameter space. Zaman [97] extends Wu's approach in several directions. In particular

in his consistency proof {97, theorem 2| it is only assumed that the parameter space is
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Hausdorff.
Here we will use Zaman’s approach to force the estimator 3, into a compact subset
of the parameter space with probability one. This result based on high level assumptions

will correspond to Huber [55, lemma 2]. We start by making the following assumptions

about Q.(0).

Assumption D1. Let the sequence of estimators 3, € R? be defined such that

1Qn(B,)II? /2 — 0 almost surely

where Qy, (.) is separable (see Huber [55, p.222]) and ||.|| is the Euclidean norm.
Assumption D2. 8, € © C R? where O is locally compact Hausdorff (LCH).

Assumption D3. The function Qn(B) is locally stochastically equicontinuous, i.e for
every 3* € © and for ¢ > 0 36 > 0 and every open set U C © such that 8* € U it

follows that

lim sup P {sup sup ’ Q.(8) - Qn(ﬁ)” > e} <e.

n PeU g eB(a 8)
Assumption D4. Let Q(8) = E [(C(B,L)y:)z] . Assume EQn(B) = Q(B) < oo exists for

all 3 € ©. For every 8 € © |Qn(8) — Q(B)]| & 0.

Assumption D5. Let the sets Bi(8g) for k = 1,2, ... form a local base around 3y. Then

inf >0 fork=1,2,..
ses B one e

where By(8,)€ are the complements of Bi(f3g). Moreover lim,, || EQn(8o)]| = 0.

48

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Assumption D6. There exists a continuous function b(3) > by > 0 such that the follow-

ing hold almost surely

i) liminfn infge g, (5,)cne [ EQn(B)|| /6(8) = 1.
.o . n - n
ii) lim sup,, supgep,(8,)cne B2 Bb(Z;J)Q M <1,

Remark 6. A short discussion of the assumptions is in place to relate them to the ex-
isting literature. Assumption (D1) is the definition of the estimator and separability of
the criterion function ensures that the supremum of the criterion function is measurable.
Assumption (D2) insures that there are compact neighbourhoods around 3, entirely con-
tained in ©. (D3) is a local stochastic equicontinuity condition. (D4) is a pointwise con-
vergence condition. (D5) is a familiar identification condition which makes sure that the
expectation of the criterion function is bounded away from zero outside a neighbourhood
of the true parameter. The condition corresponds to the one in Zaman [97, theorem 2| and
Pakes and Pollard [77, theorem 3.1, ii)] but is weaker than the one in Pakes and Pollard
[77, corollary 3.2, ii)]. Also, the conditions of Wu [96, assumption A] can not be applied
directly since we can not assume uniform convergence of the criterion function on 9. (D6)
corresponds to condition B4 in Huber’s original article. It is also equivalent to Zaman'’s
conditions (see [97, (6) and (7), p.276]). The conditions ensure that the criterion function.
even though not converging uniformly, stays away from zero outside of a neighbourhood
around (3, with probability one. This then implies that an estimator satisfying (D1) has

to converge eventually.

Lemma 5.1. Let (3,, be defined as in Assumption (D1). Then under Assumptions (D2-

D6) there exists a compact subset C C © such that By € C and P(3, € C) =1 for all
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n > ng some ng < o0.

Proof. By local compactness there exists an open set O C © with 8y € O such that the
closure O is compact. Since By(8,) forms a local base 3 k such that Bi(8,) C O. Then
O° C Bi(B,)°. Now let O = C. The remainder of the proof follows immediately from

Hubers argument. By assumption (D6ii) 3 € > 0 and some ng < 0o
sup [|@Qn(8) — EQn(B)I| /6(8) <1 - 2€ (5.2)
BgC
for all n > ng. Also by (D6i)
inf >1- .
ing IEQu(8) /6(8) 2 1 ¢ (5.3)
Combining (5.2) and (5.3) then implies for all 3 ¢ C and n sufficiently large

1Qn(8) — EQn(B)l| < (1 — €) [EQa(B)Il

or ||@n(B)|| > €|EQn(B)|| > €bo- The result now follows form the definition of 3,,. B
Consistency of 3, can be established by applying standard arguments for compact

parameter spaces to the behaviour of Q,(3) on the set C.

Proposition 5.2. Let 3, be defined as in assumption (D1). Then, under assumptions

(D2-D6), B,, B B,

Proof. Restrict attention to the compact set C. Then for any open neighbourhood U of
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By infgec\v 1Q(B) > € by Assumption (D5) such that

P(B,eC\U)<P (fs;elg 1Q(B) — @u(Ba)ll + 1Qr (BRI > 6) :

For n sufficiently large this probability can be bounded by

P (sup 1Q(B) — @ (3] > e) +e
BeC

where we use [|Qn(8,,)|l = 0p(1). Then for every 8 € C choose a neighbourhood Us such

that for n large enough

P | sup
B eus

|@x(8) - a8 > e) <e

by Assumption (D3). Select a finite subcover U, s =1, ....,§ of C. Now it follows that

P (Sup 1Q(8) — @n(B)l > E)
peC

IA

IA

IN

P (mggc sup [|Q(B) — @n(B)|| > 6)
350 pels,

P (max sup ”Qn(ﬂs) — Qn(B)|| > €>

s<S BeUs,

+7 (maxlQu() - QI > )

P (sup sup [[@a(8) - Qu(8)| > ) +e
5’ecﬂ€Uﬁ:

€

where P (max,<s ||@n(8,) — Q(B;)|| > €) goes to zero by Assumption (D4). This com-

pletes the proof B
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We now state assumptions that are enough to establish a result for the limiting distrib-
ution of /n(3, —B,). We require that the criterion function has an asymptotic distribution

which is the same as the sample analogue of the moment restrictions.
Assumption E1. /nQ.(8,) =o0p(1).
Assumption E2. /n(Qn(8y) — L S0, ee2t) = 0,(1).

For any m € N define A,,, = [ay, ..., &) With ¥ |/l [k|*? < o0 and 2™ = > re GkEt—k-

Then, by the martingale CLT (A.1), it follows that

n
d
vn E ezt — Y,
t=1

where Y;, "N (0, ArnQm A,) for any fixed m. Now Lemma (A.4) implies that /a3 1, &2 4

N (0, limpy, ApQmA.,). Next we want to expand the first order condition for 3, around 3.

We make the following assumption.

Assumption E3. Q,(.) is twice continuously differentiable on a neighbourhood N((,) of

Bo- E[(a%c(ﬂov L)yt)z) = M > 0. Also,

sup 20

BEN(Bo)

8 0
_a_ﬁ.Qn(ﬂ) - E[(ﬁcw,L)yz)Zt]

and supge v (g,) 557 @n(8) = Op(1).

Since y; = C~Y(8y, L)e:, the expectation can also be expressed as

M= E[(Eaﬁ log C(By, L)er) ).
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Using the definition of b = (27)~! [T (8, A)e***d\ and stacking the Fourier coefficients
b in the matrix P, we can also write M = lim,, P,'nAm. A familiar mean value expansion

leads to

0p(1) = a%—an,.)ﬁQn(ﬂn)
- (M+0p(1))[Qn(5o)+-6%Qn(ﬂ;)\/f—l(5n*ﬁo)]-

The limiting distribution of the instrumental variables estimator is stated in the next

theorem.

Theorem 5.3. Let z; = limm—c0 A& with A, = [a1,...,am] and ¥_ ||a|| k]}? < .
Then the estimator based on E [C(B, L)y.z] = 0 and defined by 8, = arg min [|Q.(3,)I*

has a limiting distribution given by

V(B ~ Bo) 2 N(O, M~ (lim Al QmAm)M™Y)

m—od

The covariance matrix M~ (limy—.c0 AfyQmAm) M ™! satisfies the matrix inequality

m—oo

lim (P,'nAm)_l A QA (A;,,P,,,)"1 >E (5.4)

where = is given in (4.2).

Proof. Use the same arguments as in the proof of Theorem 4.4 B
Theorem (5.3) immediately leads to the construction of an efficient IV estimator. The

matrix A, has to be chosen in a way that (5.4) holds with equality. This is seen to be the
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case for Am = P, Q;;l. Another way to characterize the lower bound in the GLS sense is

to require that

Var [(C(Bo, L)y:) z] = M,

where Var [C(By, L)ytze]) = E [etzztz;] . The instrument z, satisfying this condition is given

by

2 = lim PLO; el (5.5)

where e* = [e—y,... ,et_m]’ . The expression for z; shows that the optimal instrument
balances two effects. It gives more weight to innovations which carry a strong signal
measured by a high value in Pp,. In fact, by measures the effect of ;—x on y;. On the
other hand, the contribution of £;_ is discounted if it is strongly linked to the error ¢, as
measured by a high correlation between 2 and &;_k&;;. The situation here differs from
the case of independent errors ;. In that case, the innovation &;_, only affects y,. With
dependence in second moments the error not only generates the signal measured by y; but
also changes the error variance E (&2 |F;_, )of the measurement equation. It is this second
effect which results in the efficiency loss for the Gaussian QMLE.

We can now verify that an estimator based on z; indeed attains the lower bound. The

variance is

E [efztz;] - E [ef lim_PrQlere :,JP,,,]

= lim P .Q.'P,

m-—00
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and

— I -1
M= lim PO Pr.

This establishes that the variance of the score process is equal to the expectation of the
first derivative of the score process.

The analysis in this section is general regarding the functional form of the time series
model. In particular, nonlinearities in the parameters are not excluded. In the next part,
attention will be focused on the autoregressive case since this allows for explicit expressions

of the estimators in terms of projection matrices.
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Part II

Autoregressive Models

In this part the general setup from the previous analysis is specialized to the autoregressive
case. For this case the instrumental variables estimator can be represented as a projection
operator. The focus of this part is on developing a feasible semiparametric version of the
IV estimator.

This is achieved by approximating the instruments in the frequency domain. The ben-
efits of the frequency domain implementation are in a reduction of the algorithmic com-
plexity from O(n2) to O(nlogn). The resulting estimator is independent of a bandwidth
choice which makes it attractive for applied work.

For expositional purposes, the dependence structure of the errors is somewhat simpli-

fied. The consequences of this simplifying assumption are discussed in the next section.

6. Model

We start by defining the stochastic environment of the model studied. Let (2 ,F ,P) bea
general probability space and define a filtration F; to be an increasing sequence of o-fields
such that 7 C F;4) C F V t. If not stated otherwise, random variables indexed by t will
be assumed to be adapted to the filtration F;. We assume that we have a sample of size n

of a univariate time series y, where t = {1,...,n}. More specifically, we assume that y, is
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generated by the following autoregressive model

#(L)y: = et (6.1)

where ¢; is a martingale difference sequence. Here ¢(L) = 1 — &,L — ... — ¢,LP. ¢ =
(d)l, qbp) is the vector of parameters describing the mean equation of the model. It is
assumed that ¢(L) has all roots outside the unit circle. We are interested in estimating
the parameter vector ¢. The martingale difference assumption for &; implies absence of
correlation between the errors. However, it is not assumed that the errors are independent.
Rather we allow for dependence in higher than second moments to account for thick tails

and conditional heteroskedasticity in the errors.

Assumption F1. (i) e, is strictly stationary and ergodic, E (e; | F1—1) =0, E (¢} | Ft—1) =
o2, E(e?) = 0% < 0.

(ii) ¢(L) has all roots outside the unit circle.

(iii) E ((e? — 0®)(e?_s — 0?)) =0 (s) < o0 for s > 0.

(iv) E (eget_sst_,-) =0fors#r, s,r>0.

(v) X lsllo (s)] = B < o0, E (e?e?_,) >a some o> 0 for all s.

Remark 7. Assumption (iv) is somewhat restrictive as it rules out some nonsymmetric
parametric examples such as EGARCH. While (iv) is not a critical element in the theory
developed later, it is maintained to simplify the exposition. The IV estimators proposed
in Section 7 are still consistent and asymptotically normal if (iv) fails. However, in this

case they lose their optimality properties. Under these conditions the covariance matrix
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estimators (10.9) for the standard errors of the IV estimators are no longer consistent.

By definition of the conditional expectation operator, o, is F;~; measurable. As-
sumption (F1) implies that &? is strictly stationary and ergodic and therefore covariance
stationary. It should be emphasized that no assumptions about third moments are made.
In particular this allows for skewness in the error process.

In this paper it is explicitly assumed that the parametric form generating the higher mo-
ment dependence is unknown. Nevertheless, we provide examples of widely used processes
that exhibit features analyzed here, mainly to illustrate the relevance of the assumptions.
A number of popular processes used mainly in financial econometrics satisfy Assumption

(F1). Examples are provided next.

Example 6.1 (ARCH(1), Engle; 1982). Let ¢; = uthtl/ 2 where u; is #d(0,1) with

symmetric distribution and h: = vy + 7,&7_,. Expanding leads to

00 t
he = 7o 1*‘27’1 HU?—J‘
i=1 j=1
In case of normal u;, the conditional distribution of &, is also normal.

Example 6.2 (GARCH (1,1), Bollerslev; 1986). Let e, = u;h)/?, wherew, isiid(0,1)
with symmetric distribution and hy = g + v,62_; + Byhe—1. Substitution for &7 gives

he = ag + (a1u?_, + B3,) he—1. Expansion again leads to

o0 1

he=7v |1+ Z H (mui-; +61)

i=1 j=1
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Example 6.3 (Stochastic Volatility). Let e; = u;exp(h:/2) with hy = §he—) + vy .
u ~ iid (0,0y), vy ~ 4d(0,0,), us and v, independent of each other. Then, ¢ =

e exp(Y g 0°vt—i) = ue exp(ve) exp(Y ) 6've—s).

Example 6.4 (Linear Scale). Let ¢, = uch, with hy = Y, c(?,0)ve—i, ur ~ i1d(0,04),

v ~ 12d(0, 0y), ur and v, independent of each other.

Remark 8. Nelson [69] obtains sufficient conditions for stationarity and ergodicity of
6.1 and 6.2. The martingale difference property follows immediately from independence
of us. Assumption (Fliv) is shown to hold for the ARCH(p) case in Milhoj [68]. The
reason is that odd moments appearing in the asymmetric fourth moment terms are zero
by the symmetry assumption for the error density. The same argument extends to the
GARCH/(p,q) case. For the Linear Scale and Stochastic Volatility examples, Assumption
(Fliv) is satisfied because of independence between u, and v;. If uy ~ N(0, 1), then fourth
moments are known to exist if 3% + 2v,8; + 82 < 1. This condition is valid for 3 = 0
and thus covers the ARCH case. In Milhoj [68] and Bollerslev [9], the autocorrelation
structure o (s) is shown to be identical to the AR(p) and ARM A(max(p,q),q) case for
ARCH(p) and GARCH(p,q) respectively. This implies that the summability condition
holds if fourth moments exist. For (6.3) stationarity and ergodicity follow if b, is stationary.
ie. |8) < 1. Assuming us ~ N(0,1) and v; ~ N(0,1), it is shown by Breidt, Crato
and deLima [12] that o (s) /o (0) = exp (6°/1 — 6%) — 1 or, using the expansion for the
exponential, that o (s) /o (0) = Y52, & (6°/1 - 62)k. Then we can bound ¥ |s|o (s) <

exp (1/1 — 6%) 0 (0) Y2 s6°. A form similar to Example 6.4 was proposed in Hansen [43].
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Based on the results in Part I, we will now introduce the optimal instrumental vari-
ables estimator for the AR(p) model. The estimator is constructed by reweighting the
innovation sequence by the unconditional fourth moments o (k) + o* of the error process.
Without parametric assumptions about the form of conditional heterogeneity these mo-

ments typically have to be estimated.

7. Instrumental Variables Estimator

The instrumental variables estimator defined by E [(¢ (L) y¢) 2] = 0 can be written explic-

itly in the case of an autoregressive model as

- , -1,
b= (z Y_l) zZv, (7.1)
where
Y, = [yl-{-pv-”’yn]
Yp 5---3 Yn-1
Y_l_l =
_yl yeros yn.-pJ

Note that Y = Y_,¢ + €. The instrument 2z; is assumed to be F;_;-measurable, strictly
stationary and ergodic so that ¢ is consistent. Under additional moment conditions, the

asymptotic distribution is

N (&5 _ ¢) =N (O,Jlngo (En-lz’y_l)’l En'Zec'Z (En"lZ'Y_l)—l) .
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Using ¢~ (2) = Z?:o ¢¢,jzj , the time series y; can be expressed as a linear filter of

past shocks y; = Z;?—_o Vg j€t—j- Also, let
ok = E (e2e2_;) = o (k) +o* (7.2)

and b = (g k1, Yg—p) With ¥4, = 0 for k < 0. Then define P,, = [by, ..., bm].

We have shown in Part I that for 2z, = 3 22 | axe,—« the asymptotic covariance matrix
of this estimator has the form limm—oo(PipAm) A Qm Am(AmPm) ™! with lower bound
lim(o*P,, Q! P,n)~t. Under Assumption (F1), Q, = Diag(a, ..., &m)-

An optimal set of instruments Z constructed from z; = limmn—.c0 P, e™ as in (5.5)

can be written explicitly for the AR(p) case as
— oo w°~2. .
2411 = D52 aja1Ct-]
=% Yoio, .
ZH'IJ’ - =0 aj_H,st"‘]‘

The instrument matrix Z is chosen in the following way

2L,p s--+1 Zn-pp

where it should be emphasized that the k -th instrument, i.e. the instrument for parameter
¢ is lagged by k periods and has a convolution filter which is also shifted by k elements.

It is clear that the instrument matrix Z is not observable and the procedure is therefore
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infeasible. The main result of the paper will consist in the construction of an adaptive
estimator for ¢. For the moment, however, the analysis is carried out under the assumption,
that Z is observable. The asymptotic distribution of ¢ is analyzed by considering a typical

element of En~!Z'Y_, which can be evaluated by direct calculation as

oooo,w

lim [En'Z'Y| = lim a7 Z EY Y = Yoslose, e,

a
t=1+p j=0i=0 _i+kvi

o0
_ 2 Z wo lwda o T itk u
i=0 Qitkvi

Also, a typical element of En~1Z'c' Z is

n
: -1 — n -1 2, .’
hrrln [E’n Z ee Z} b hrrln n E Fefzz,

t=1+p k.l
= Eg? 4
= L& . —2L 2 gy o i€im —l—j
j=0 im0 FitkYi+l
(e <]
_ wo.i+k—lwox Ee2
- a2 tct k-1
i=0 i+k
o« o ]
— Z w@.i-{-k—lwo.i — Z 1'bam'1—‘/}¢’.=‘+Ik—l|
i=0 itk i=0 Qitkvi

where the last equality follows from the fact that ¥_, = 0 for & > 0. The asymptotic
distribution of 55 then is
-1

\/—(' -4 l:oo wo.xwa.-ﬂk-u:l
n ¢-¢)=>1V 0,0 E —_—
kd

«
i=0 i+kvl

Qipkvil

-1
and it is easy to check that {[ =0 Mu]k'l} equals = in (4.2) for the autore-
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gressive case.

As discussed before the instrument Z is not observable and needs to be replaced by a
suitable estimate. While direct calculation of Z is possible, it is computationally inefficient.
requiring O(n?) operations. A more natural way to formulate the estimator is in terms
of discrete Fourier Transforms. Since the construction of the optimal instrument involves
a convolution in the time domain, this is transformed into a simple multiplication in the
frequency domain, thereby leading to a reduction in computing time.

Moreover, it turns out that direct calculation of the instruments can be avoided al-
together in the frequency domain. It will be established in the next section that the
instrumental variable estimator is asymptotically equivalent to an estimator based on the

Whittle likelihood (8.2) where gy‘y]L (4, A) is replaced by an optimal filter.

8. IV Estimation in the Frequency Domain

In this section a frequency domain approximation to the optimal IV estimator is derived.
To introduce notation and methodology, the Gaussian estimator for the AR(p) model in
the frequency domain is reviewed. It is then shown how the estimator can be transformed

into an instrumental variables estimator by applying a linear filter to the data periodogram.

8.1. Spectral Representation of the AR(p) Model

We assume that starting values y_p41, ..., yo are drawn from the stationary distribution of

y:. Then, the Gaussian QMLE in the time domain can be approximated asymptotically by

b= (YLIY_l)_lyily.
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We derive a frequency domain analogue to é based on the periodogram of y; alone.
Consider the inverse of the spectral density for the AR(p) model f;} (A) = 2§ | (™) [2
and let |¢ (&) |2 = g} (6, ). The definition of the spectrum of the squared errors will be

useful later and is
[o o]

faa W) =@n)7" Y a(k)e™*. (8.1)
k=-c0

Define the lag operator a(A) = [¢*,....,e"*?] and denote the complex conjugate transpose

by a(A)*. Also introduce the matrix A (A) = a(A)*a (A). Then gy‘yl((ﬁ, A) can be represented

) , 1 a(A) 1
99X = [L.6]

a(A)* A(}) ¢
We introduce the discrete Fourier transform of the data as wy (A) = % Sy~ and

the periodogram as Iy (A) = |wy (\)[?. The Whittle likelihood, which is the spectral

representation of the sum of squared errors, can now be written as

-

/_ "Ly N g5 G N = [ Ly ) [1+68a) +aNo+6 ANg| A (82)

For computational purposes (8.2) can be approximated by a discrete sum over the funda-
mental frequencies by Brillinger [14, theorem 5.10.2]. The QML estimator is defined as

the value minimizing (8.2). The solution to the minimization problem is given by

T -1 o
¢ = ( Inyy (M) Re[A(M)] d,\) Re [a(A)*] Tngy (M) dA, (8.3)

- -

where the real part Re|[.] is the orthogonal projection of the complex plane onto the real
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line. From Lemma (A.2) it follows that

a(A)°

1-¢'a(A)") diop (n™%).

- -7

/ "GN Ty (V) dA = / " Ly (V) A(A) A+ /_ : Ines () (
A similar expression can be obtained for a(A) I, 4y (A) - Next, noting that

Olngy, (6,3)/06 = Re a(n) (1= 6o () (8.4
and introducing the notation 7 (¢, A) = 91n gy, (¢, A) /0¢ leads to

) Re(a(A)" Inyy (N)]dA = /Tr Lnyy (M) Re[A(N)] dAo

-7 -
™

[ Liee(N(6,N)dA+0, (n'l/z). (8.5)

-7

Substituting (8.5) back into (8.3) results in the following expression for the deviation of @

from the true parameter vector ¢

Va(é-0)= ( [ W) RelA) dA) TR [ e 6.0 A+ 0,(1). (8

-7
Consistency of the estimator follows by the ergodic theorem from the fact that

s T

E [ e (6,0 dA =02 / 7 (6, A) A

-1 -

and [T 7 (¢, A)d) = 0. By the ergodic theorem, we also have [™, Inyy (A) Re[A(A)]dA =
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I gyy (6, ) Re[A(A)] d). It can be established that

2 [ g (6N RelAN A = [ (8,2)1(6,3) d.

It follows from the results in Part I that /A (& _ ¢) = N (0,A"'BA~1), where

0'2 ™ 7
=5 [ (&N () dA (8.7)
and
B =24 + 5~} / Fuaen (1) i (1 — A) 7 (6, A) dpudn. (88)

The appearance of fourth order cumulant terms in the matrix B is caused by the
dependence between errors and regressors. In the case of a constant conditional second
moment E (€7 |F:—1) = 02 the spectral density f.z.2 (1) is equal to 0*/(2m)?. The second

term in B is then zero and the covariance matrix reduces to 202A~!, as in Hannan [42].

8.2. Frequency Domain Approximation

It will now be shown how the instrumental variables estimator introduced at the beginning
can be implemented in the frequency domain. For the purpose of this and the next section,
we introduce the spaces L* [-, 7] of functions f : [~%,7] — CP such that [|f|*d\ <
oo. Also, define the spaces C* [—m, 7] of functions f : [-m,7] — RP such that f is k
times continuously differentiable. Throughout, the function R, (\) will denote a generic

remainder term whose definition can change. We start by approximating the discrete

66

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Fourier transform of the instrument variables 2 ;

o n
Yo

wz (A) = n

=0 t=1 ¥k+i

(o <]

= pol/2g0k Z

o0
Lo 3) e () +n2 S Liemdiny, 5 ()

Lo (V) €256 (7Y wy (A) + Rn (X) (8.9)

where l1/J,k (/\) = 21_0 a_’i’te—u\(.?-f'k) and

¥;

o0 o0
_ -1/2 —iNjrr . -1/2 —i\jrr
Rn(A) =ly (N ™V ;«p,-e TUn;; W)+~ ; o U
with Uy, ; (A) = ?=_1j—j gee”™ + 51 e, In an analogous way we define
W (=A) = Ly k (=X) e (ei’\) wy (=) + Rn (—A). (8.10)

Also, from Lemma (A.2), v/ [ Inyz, (A) = lyk (—A) €720 (€%*) Inyy (A) dA = 05 (1) . De-

fine lg, (A) as

Ly1(X)
Loy=| | (8.11)

byp (A) |
The properties of I, (A) determine the asymptotic distribution of the instrumental vari-
ables estimator. The next lemma gives a representation of [, (A) in terms of convolution

operators. This shows that the smoothness of l, (\) is inherited from the smoothness of

67

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the AR(p) spectrum.

Lemma 8.1. Let Iy, (A) = 372 a—'ff;e'i’\(j+k) with ax = E (e2e?_,), & satisfying As-
sumption (F1) and ¢; being the coefficients of the power series expansion of ¢ (z)". Also

assume that ¢ (z) =1 — ¢ a(z)" has all characteristic roots outside the unit circle. Then

Iy (M) =1y (A) + 1y (=) can be represented as
b= [ (-0, d+ 2763

where f5 () = S°_ . Ge=M with &; = (aij - ;lz) .

Proof. See Appendix Bl

Remark 9. Using the convolution operator x a compact notation for I (X) is Iy (A) =
(fa*xm) (M) + 071’7'7 (¢,A) . The properties of I (\) can now be determined from those of f;

and 7). For f3 € L' [-m, 7] and /) € C*¥[—m, 7] it follows from Folland [31, theorem 8.10]

i
k5

that I, (\) € C* [, ] implying that $°32, 1'% < oo. While f5 € L![-m,7] is

sufficient to obtain this result it is not necessary. Alternatively if a > o > 0 for some o

i
ak+,~

5112 < a7t % g 9] 151V < oo

and all k then sup |ap'| < a™! < o0 and Y 32,
if n € C?[—m,n]. These arguments show that I, ()\) is sufficiently smooth to apply the

central limit theorem in Appendix A.

The representation of the discrete Fourier transforms of the instruments in terms of the
DFT for the data allows to obtain a frequency domain version of ¢ without the need to go

through an explicit calculation of the instruments in the time domain. The approximation
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relies on the fact that convolutions in the time domain are transformed into multiplications
in the frequency domain and the fact that the residuals can be computed by a simple
multiplication of wy (A) by ¢ (€).

The discrete Fourier transform of the instrument matrix is then obtained from (8.9)
by lagging each w;, (M) by k periods leading to e~***w,,(A) and stacking the resulting

transforms in the following way

e Pw,, (A)

wy (\) = ; = (e—f*) wy (N 1y (A) + B (V) (8.12)

e Pw, (N)

L e

where Ry, (A\) = a (\)* ® Rn (A\) and © is the element by element product. The correspond-

ing expression for the conjugate transpose of w; (A) is

ei’\wzI (=A)

we (N)* = : = (M) wy (N7l (=N + B (-3) (8.13)

where the symmetry of [y, (A) is used. Using the notation Iy, (A) = wy(A)w:(A)" and
I zy (A) = wy (A)* w; (A) the frequency domain version of equation (7.1) can now be written

as

3= [ " Re[lnry (V) a ()] d,\]—l " Re[lny (V)] dA (8.14)

-7 -

and using the fact that wy (A\)w, (A)" = a(/\)" dwy (A wz (A)* + we (AN wz (A)* + Rn (A)

where \/n [ Rn(A)dXA = 0,(1). A similar expression holds for wy (A)*w: (}) reducing
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(8.14) to

-1 ,r

b~o= [ / " Rellnsy (W a (W) d,\] Re [[nze (A)] dA + 0, (n-w) . (8.15)

-7 -7

The estimator ¢ corresponds to the instrumental variables estimator introduced in Section
7. It is possible to estimate directly the unobservable instruments. On the other hand, it
is conceptually more convenient to separate the data and the unknown filters.

One additional approximation step produces an asymptotically equivalent estimator

based on the periodogram of y; and an unknown filter. It is convenient to define
h* (¢, A) = Re [z,p (=\) 6 (ei’\) a (—A)]

and

h(,\) = Re [zw (=\) & (ei’\)] .

By substituting for equations (8.12) and (8.13), (8.14) can be approximated by

o

T -1 T
[ / Lngy (N A% (6, 0) d,\] / Ly (A) B(6, \)dA. (8.16)
It is shown in the proof of Proposition (8.2) that ¢ — ¢ = 0p (n"!/2) and
T -1 ,r
o—0b= [ / Ly (A) h%(, ,\)d,\] / Ince M) Iy (A) dA + 0, (n-1/2)

-7 -7
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such that consistency again follows from ergodicity and the fact that

E| LeMNLhWd=0®[ I;(A\)dr=0.

-7

It is transparent from equation (8.16) that ¢ is infeasible as it stands, since it depends on
knowledge of the true parameter values and the correlation structure of the squared errors.
Feasible versions of ¢ and ¢ will be discussed in Section 9 below.

Under the assumption that the weight matrix Re [l (—=)) ¢ (¢”*)] is known, the as-
ymptotic distribution of ¢ is now a straight forward consequence of Lemmas (A.2) and
(A.4). The asymptotic distribution of ¢ and ¢ can be analyzed by returning to equation

(8.15). This is done in the next proposition.

Proposition 8.2. Let ¢ (L) y; = e; where all roots of ¢ (L) are outside the unit circle. If

& satisfes Assumption (F1) then for ¢ defined in (8.14) and ¢ defined in (8.16) we have
\/ﬁ(&—(}) =0p(1)
and
Va(3-¢) =N (0,073)
where = is defined in (4.2).

Proof. See Appendix Bl

The remainder of the paper will now be concerned with the construction of a semi-

parametric estimator with the same distribution as é.
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9. Adaptive Estimation

To develop an operationally efficient IV procedure, it has to be established that A (¢, A) =
Re [ly (A\) ¢ (e7**)] and h® (¢,A) = Re [l (A) # (¢7**) a(})] can be replaced by consistent
estimates without affecting the limiting properties of the estimator. A semiparametric
estimator having this property is called adaptive. No confusion should arise between this
use of the terminology and the literature on feasible local minimax estimators such as
Bickel (7], Kreiss [60], Linton [63] and Steigerwald [88]. The main difference, apart from
efficiency issues, is the fact that here a nonparametric correction to the criterion function is
made while the local minimax literature makes a nonparametric one step Newton Raphson
improvement to a consistent first stage estimator.

Different approaches to prove adaptiveness are used in the semiparametric literature.
Direct calculation is used in Robinson [81], [82] in the context of #id models and partially
linear models and by Hidalgo [52] in the context of time series regression models. Newey
(74] applies similar techniques as [81] to the instrumental variables case for #id data. An-
drews [2] develops a general methodology based on stochastic equicontinuity arguments
and applies it to the partially linear framework. Andrews’ approach will be used here
to break the proof into two parts. First, it is established that uniformly in a shrinking
neighborhood of tHe true filter kA (¢, A) the distribution of an estimator is arbitrarily close
to the distribution of the estimator based on the true filter. The second step shows that a
nonparametric estimate h(¢,\) converges to k (¢, A) uniformly with probability one.

This argument will now be formalized. Let Iy : [-7, 7] — C? and ¢ : [-7, 7] — C and
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introduce a set of functions H defined as

H

{h  [~7,7] — RP Ih =Re [1¢ (=) ¢ (ei’\)] ‘Re[ly (~A\)],Re [4; (ei’\)] €C'l-mm }.
(9.1)

We define the L Sobolev norm of order one as

s __ 0
I = sup IF I+ sup_|l52s )]

€[—mm €f-mm

where ||. | is the Euclidean matrix norm defined by ||A|| = (trAA*)Y2 . Introduce the metric

on H as

p(h1,h2) = |l = ly2ll] + llor — @} -

(H,p) is a complete metric space. If ¢ is given by (6.1) and {,, by (8.11) then it follows
from Lemma (8.1) that I, (¢, A) € C* [—m,7]. Therefore h (¢, ) € H.

We proceed by defining the estimator for h(¢,A). We have established that we can
obtain a consistent estimate ¢ for example from é= (YilY_l)‘lY_lY or from its frequency
domain analog introduced before. Residuals as a function of some fixed parameter value

¢ are obtained as in Kreiss [60] from

e () = & (o) + (6 — bg) (Ye—1s-- - Yt—p)

such that the estimated error &; (¢) can be decomposed into the true error and the F;_;

73

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



measurable part (¢ — q)o)' (Yt=1s---,Yt—p)- We form the following statistics.

1 n

ap(9) = ~ D )t i(d)

t=p+k+1
. " %Z?:‘p%—k-i—l E?(;ﬁ)ef_k(&) if ap > dy
ar(o) =

dn else

where the sequence d, > 0 for all n with d, = O (n‘1/2+”) for some 0 < v < 1/2. The
truncation numbers d, are used to avoid "too large” values for d;l(&)). Truncation was
introduced by Bickel [7] in the context of score estimation. More closely related to our
context is Hidalgo’s [52] semiparametric frequency domain estimator.

Next, an estimate for b = (2m)~! [T = 11(&,A) e*kd) is needed. The vector by contains
the impulse response function of the AR(p) model evaluated at different points. Here
we want to express by directly as a function of the underlying AR-parameters. From the
definition of 7} (¢, A) in (8.4) and the expansion ¢~ (2) = de,'jzj with ¥, ; = 0 for j <O0.

by can be written as

Up,k-1
b =
w¢yk—p
where the coefficients v, ; satisfy the recursion ¥4 s — $1¥p -1 — -+ — OpUps_p = 0 for

all s > 0 and 9,0 = 1 (see Kreiss [60]). Let v denote the vector of the first p coefficients
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of the polynomial expansion of ¢~! (z). This vector is the solution to

1 0 | | wao 1
—6, 1 " 0
% Al (9.2)
- —¢; 1
Ygp 0

which is denoted by dzf; = ®~le; where e; is the first unit vector and ® is the matrix
defined in (9.2). Then, let byy1 denote the vector of coefficients ¥, 5 to ¥4,y ;- Using a

p x p+ 1 selector matrix S; picking the last p elements from a p+ 1 x 1 vector we have

0 1 0
bp+1 = - Sl’l/)z = T,bS]_‘b_lel
0 1
L ¢1 : : ¢p -

where we define Ty = ¢, if p = 1. In a similar way we obtain byys = T;Sﬂb’lel. The

vectors b; ...br can now be expressed as functions of the underlying parameters by
b = [SpaTgm 75,071y
where the convention Tg = I, is assumed and the selector matrix S, x is defined by

(Spli; ={i=3}{7 <k}
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with the indicator function {.} = 1 if the expression inside the bracket is true. b is
continuous in the underlying parameters for all finite k and can therefore be consistently
estimated from a consistent estimate (}5

A nonparametric estimate of h (¢, A) is now defined as

n—-p—1
Lo\ =) a;lbe™
j=l1
and
i (3, ,\) =Re [i,,, (\) & (e‘i’\)] . (9.3)

No additional kernel smoothing is needed. The reason is, that h (¢, A) is already a con-
volution between a bounded sequence and a twice continuously differentiable function. In
fact, the b; implicitly contain a bandwidth since for every ¢ inside the stationary region
they will decay to zero quickly.

Nevertheless, the implied bandwidth might not be optimal in finite samples such that
one might want to introduce an additional lag window k( 737) with bandwidth parameter M.
k('ith) is the j-th Fourier coefficient of a spectral Window K (\) satisfying [ [K (A\)|dA <
oo, [ K(A)dX = 1. Robinson [83] derives cross validation methods for spectral density
estimates where a goodness of fit measure for the density is minimized with respect to
the bandwidth parameter. As pointed out by Newey [74], however, such a procedure does
not necessarily lead to improved finite sample properties of the semiparametric estimator
which should be the final objective.

We will also need the following matrix AZ(, \), whose elements are continuous func-
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tions of hn(@, A) and which is defined by
Bz (&s, A) =Re [z‘w (\) ¢ (e-“) a (,\)] :

The success of a semiparametric estimator depends on the ability to uniformly estimate
the weights aj'l. Additional assumptions about the moments of the driving error process
are needed to assure this. Since &; depends on fourth moments such conditions necessarily
involve higher than fourth moments. Here we prove uniform convergence by a mean square
argument which necessitates summability assumptions on eighth moments. The following

assumption is sufficient to prove the main result.

Assumption G1. Let c.. . (t1,-.-,t7) be the eighth order cumulant of the error process
€. Then

>SN+t cee (b1 - t7)] < 00, forall j=1,...,7
£ ty

Assumption (G1) implies that higher order cumulant spectra of order eight exist. This

assumption enables us to state the following result.

Proposition 9.1. Let iin(¢,,A) be as defined in (9.3), let Assumptions (F1, G1) hold and

assume that ¢, — ¢o in probability or almost surely. Then

i (B0 ) = B (00, )| = 05 (1)

sup
A€[-m,7]

as n — oo. Also P(p(ﬂn(qﬁn,/\),h(%,/\)) >6) — 0 for any § > 0 as n — oo and
P (hn (3s)) €M) = 1asn ~ 0.
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Proof. See Appendix CHl
We proceed to define the semiparametric estimator ¢, (kr) by replacing hg = h (¢, \)

with a nonparametric estimate (9.3). We will establish that
Vi (#u(ba) = 80 (o)) = 05 (1). (9.4)
By applying Lemma (A.2) it can be shown that for h € H

LujyNh(6,A) = Ingy(N)Re [z,b (\) & (e‘i’\) a (,\)] & (9.5)

+In,EE (A) h’¢o (¢’ ’\) + h‘ ((D’ ’\) Rn. ()‘) (9'6)

where the remainder term Ry, ()) is such that \/n [ Ry, (A) ¢ (A)dA = 0, (1) for any contin-

uous function ¢ (\) with absolutely summable Fourier coefficients. Let
hag ($:A) = Re [z,,, (=\) & (ei’\) 5! (ei'\)]
such that hg (¢, A) = Relly (=A)] =1; (A) and
ha, (é, ,\) —Re [i,,, (=\) & (ei’\) o3t (ei’\)] .
(9.4) then follows if

= 0p (1) (9.7)

[ ) (2 (6n,3) = 1 (6o, )

-
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and

w -
\/EH / Ince () (g (qsn,A)—zn(A))dA“ = 0p(1) (9.8)
\/‘“ R () (&n,A)-h(cﬁo,A))dz\“ = op(1). (9.9
(9.7) can be established easily with the help of proposition (9.1} by the following argument
" Lo O (1 (3203) = 1 (00,0) ]
< sup |2 (¢,,,) Z (0, A || / Inyy (V) dA
Ag[—-m,7] -7
< 2 sup [y (=N (e?) =lyo0(=A) ¢ (€ sup |la (N9, (0) — 0
0 [ 08 () ~ o (=N g0 ()] sup_lle (Wl 4y )

where the first inequality uses the fact, that I, 4 (A\) is a positive scalar and the second
inequality uses tr(ab'ba’) = (a'a)(b'b) where a and b are two conformable vectors. The
last expression goes to zero by (9.1) and the fact that supyg(_r xlla (A)|| is bounded. To

prove (9.8) we work with the metric space (H, p) defined in (9.1). Also let hg = h(@g, A)

h=hn(n N), 0* = 6 (e2), 85 = &g (¢*) and
Un(8) = Vi [ Tnee () (o (9,2) = Lno) + B (N) (h = ho) dA

for h € H. Following Andrews [2], (9.8) follows if for any given ©,€ > 0 there exists a § > 0

such that

limsup P (I

n-—oo

o ) et >3
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< limsup P (

n—oQ

|vn (hn) ~ Un (ho)” >3, hn € Hyp (fln,ho) < 6)

+ limsup P (izn ¢Horp (izn,ho) > 6)

n-—00
< limsup P sup [ (R) —vn (ho)|| > ¥ | L€
n—00 heH,p(hn,ho)<é

since we have established in proposition (9.1) that

limsup P (izn ¢Horp (ﬁn,ho) > 6) =0.

n—oo

Therefore if

limsup P sup lvn (R) —vn(ho)l| >9 | <e (9.10)
n—0oo heM,p(hn.ho) <6

then the following theorem can be established.

Theorem 9.2. Let hy(¢,,)) as defined in (9.3). Let assumption (F1) hold and let o
be a previous estimator for which (?)n — ¢q In probability or almost surely. Then, the

semiparametric estimator ¢(hy,) defined by

p (hn) = [ / " oy (N BZ (31 /\)d,\] - / z Inyy (N) P (@ A)dA

-7 —

has a limiting distribution characterized by
Jn (as(ﬁn) - ¢0) = N (0,0742)
Proof. See Appendix C L
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This result establishes the feasibility of a semiparametric estimator that improves on
the efficiency of the conventional Gaussian estimator in the presence of higher order de-
pendence. While time domain versions of this estimator could certainly be obtained, the
frequency domain version developed here seems most natural in the present framework.
The frequency domain representation allows to avoid estimating the instruments for each
observation in the sample. Instead an optimal filter applied to the periodogram of the data
leads to an asymptotically equivalent procedure. Moreover, the fact that the optimal filter
itself is a convolution integral in the frequency domain solves the problem of truncating

the approximation of the optimal instrument at a given lag in a natural and elegant way.
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Part I1I

Simulation Results

10. Monte Carlo Simulations

In this section a small Monte Carlo experiment is conducted. To keep the exposition as sim-
ple as possible we focus on an AR(1) model. We consider what the efficiency gains/losses
of the IV estimator are relative to a correctly specified likelihood procedure and relative
to a misspecified ML estimator. We also consider estimation of covariance matrices for

the I'V estimator.

10.1. Relative Efficiency

The following questions are of interest: Under what circumstances does the optimal IV
estimator achieve efficiency gains. how big are they relative to the Gaussian QMLE and
how much is lost by not specifying the true likelihood. These questions are analyzed for
the case where the true generating mechanism is an ARCH(1) process.

We generate samples of size n = 256, n = 512 and n = 1024 from the following model

Yy = QYe-1t+é (10.1)
& = 'll.thtl/2
he = Yo+mEo

u "N (0,1).
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Starting values are yg = 0 and &g = 0. Small sample properties of three different
estimators to be defined below are evaluated for different values of ¢, v; € [0,1). It is
clear from Milhoj {68] that asymptotic normality established in previous chapters only
obtains for values of vy, € [0, \/1_/_3) Nevertheless, simulation results are reported for
parametrizations outside this interval in order to analyze the robustness of the proposed
IV procedure to departures from the assumptions. The parameter v, is fixed at .1 for all
experiments.

The parameter ¢ is estimated by three different estimators. The least squares esti-
mator is denoted by &SLS =Y o yyi-1/ Y roy? 1. The optimal instrumental variables
estimator is obtained from the consistent first stage estimator ¢pyg as

™ . . R s -
B = [ J R L €PN EY R GV TR

-7

where 77 (¢, A) and h(¢, \) are computed as explained in Section 9. If the data are gener-

ated by (10.1), the likelihood estimator &:[L is obtained from maximizing

Uoyv0,11:Y) = ——Z(Inhm— ) (10.2)

with & = y: — ¢yt—1 and hy = 7o + 7,62_,- We use the BHHH algorithm described in
Engle [26] to maximize the likelihood. Figure 10.1 shows the potential efficiency gains
of the IV estimator relative to the Gaussian QMLE as a function of the autoregressive
parameter ¢. The efficiency gains are computed from the asymptotic covariance matrix

when the generating mechanism is (10.1). More explicitly, the asymptotic covariance
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Relative EZffictency

Figure 10.1: Asymptotic efficiency of OLS relative to the IV estimator as a function of the
parameter ¢. Generating mechanisms considered are from bottom to top: v, = .5, v, = 4,
v =.3 and v; = .2.

. ~OLS
matrix of ¢,  can be expressed as

52 (=9’ =
oLs (8,70, M) = I Z 7 a1 (10.3)
i=0

where 0? = (75/1 —7,)? and a;41 = 29371/[(1 — 71)%(1 = 373)] + 0. The asymptotic

covariance matrix for the optimal IV estimator can be obtained from (4.2). It is given by

. -1
ot (6,70, 71) = [o"‘ Zczﬁ?"a,;ﬂ} : (10.4)

1=0

Figure 10.1 plots o2, (¢,.1,7,) /0% (¢..1,7;) for ¢ € [0,1) and different values of v,.
These theoretical gains are contrasted to the empirical efficiency of the estimators éSL
#:" and #2* based on 3000 replications for sample sizes 256, 512 and 1024. The results
are summarized in Table 10.1.

As expected, gains for the I'V estimator are achieved for models where the autoregres-
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Table 10.1: Relative efficiency of OLS for ARCH(1) innovations

Model: Y = QYs—1 + €t £ = u;htﬂ? he =01+ 7153_1
¢;V ég{L a;V $1I:IL ¢:"V azll
1) 7 n = 256 n =512 n = 1024
0.0 0.0 0.9969 1.0294 0.9966 1.0126 0.9980 1.0107
(0.0257)  (0.0266) (0.0257) (0.0261) (0.0258)  (0.0261)
0.0 0.5 0.9918 0.5158 0.9947 0.4144 0.9984 0.3801
(0.0534) (0.0278) (0.0535) (0.0223) (0.0258) (0.0098)
0.0 0.9 0.9502 0.4432 0.9619 0.4458 0.9631 0.3978
(0.0272) (0.0127) (0.0276) (0.0128) (0.0276) (0.0114)
0.5 0.0 0.9937 1.0272 0.9985 1.0087 0.9971 1.0106
(0.0268) (0.0277) (0.0270) (0.0272) (0.0269) (0.0273)
0.5 0.5 0.9388 0.4761 0.9375 0.4515 0.9616 0.3658
(0.0469) (0.0238) (0.0469) (0.0226) (0.0248)  (0.0094)
0.5 0.9 0.9361 0.4083 0.9171 0.4478 0.9106 0.4759
(0.0262) (0.0114) (0.0257) (0.0125) (0.0255) (0.0133)
0.7 0.0 1.0046 1.0190 1.0046 1.0096 1.0012 1.0025
(0.0259) (0.0263) (0.0259) (0.0261) (0.0259) (0.0259)
0.7 0.5 0.9071 0.5084 0.8958 0.4416 0.8590 0.3715
(0.0436) (0.0244) (0.0431) (0.0212) (0.0222) (0.0096)
0.7 0.9 5.5958 0.3998 0.8274 0.4470 0.8274 0.4470
(0.1445) (0.0103) (0.0214) (0.0115) (0.0214) (0.0115)
09 0.0 1.0391 1.0097 1.0152 1.0101 1.0085 1.0022
(0.0272) (0.0264) (0.0265) (0.0264) (0.0264) (0.0262)
09 05 0.9209 0.5420 0.8522 0.4570 0.8308 0.4663
(0.0430) (0.0253) (0.0398) (0.0213) (0.0215) (0.0120)
0.9 09 0.7281 0.4352 0.5951 0.3486 0.4878 0.4247
(0.0207) (0.0124) (0.0169) (0.0099) (0.0126) (0.0110)

Relative Efficiency is defined as S%,/S%,s or S%,,/S%. ¢, respectively,

where S? is the estimated variance of the estimator ¢. Numbers in parenthesis

are asymptotic standard deviations of the variance ratio. Results are

based on 3000 replications.
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sive parameter is above .5. This conforms with the theoretical analysis based on asymptotic
approximations. For the sample sizes considered here, the theoretical efficiency gains are
not achieved completely. The table shows that the relative efficiency of the IV estimator
improves with the sample size. The most significant increase takes place from size 256
to 512. It is also interesting to note that the IV procedure maintains its properties even
for values of v, > \/m In fact the gains are strongest when both autocorrelation and
dependence in the conditional variance are strong. The reason is that in this case the
dependence between the regressors and the errors is largest.

. .. oy . ~OLS ~rv SML

Figure 10.2 shows the empirical densities of the three estimators ¢, , ¢, and ¢,
when no ARCH effects are present. The graph confirms the information summarized in
the tables: The three estimators are identical under iid conditions. Figure 10.3 shows the

.. .. . ~OLS -~ - .
empirical distributions of ¢, , ¢;V and q&fl"‘ for a sample size of 1024 when ¢ = .9 and
71 = -9.

Here ¢'" clearly dominates the two other estimators in terms of efficiency and mean
and median unbiasedness. The IV estimator has surprisingly good properties even though
the asymptotic theory used for its construction does not hold for this set of parameter
values.

. . ~OLS -~tv ~ ML

Table 10.2 contains the means and medians for ¢, , ¢, and ¢, when n = 512

based on 3000 replications. The bias tends to be largest for the IV estimator, but the
. ~OLS IV . . . ~ML
difference between ¢,, and ¢, is smaller than the difference of the former with ¢, .

The bias for &SLS and &;V increases with ¢. For a fixed ¢, it is largest when v; = .5. The

bias of the ML estimator, on the other hand, is little affected by the parametrization of

86

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



085 0.70 Q.75 0.80 0.85 090 035 1.00 1.05 1.10

—LS -V ARCH-ML

Figure 10.2: Empirical density of parameter estimates for an AR(1) model with ¢ = .9
when the errors have no ARCH effects

12 ¢

04 \ g e

$ + $ - . + |
065 070 075 080 085 080 095 100 105 1.10 }
OLS —-=+IV - - - - ARCH-ML |

Figure 10.3: Empirical densities of estimated AR parameters when ¢ =.9 and v, = .9
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Table 10.2: Means and Medians

Model: yi=dye1+6e e =wh'> h =01+7ye,
On S n

® v Mean Median Mean Median Mean Median
0.0 0 -0.0007 -0.0006 -0.0006 -0.0005 -0.0007 -0.0007
0.0 0.5 -0.0025 -0.0014 -0.0024 -0.0016 -0.0009 -0.0009
0.0 09 0.0006 0.0000 0.0009 -0.0002 0.0011 0.0009
05 0 04978 0.4994 0.4969 0.4980 0.4977 0.4992
0.5 05 0.4927 0.4935 0.4908 0.4919 0.4987 0.4995
0.5 09 04770 0.4830 04694 0.4780 0.4945 0.4984
0.7 0 0692 0.6969 0.6948 0.6957 0.6962 0.6970
0.7 05 0.6933 0.6950 0.6913 0.6933 0.6979 0.7000
0.7 0.9 0.6779 0.6888 0.6733 0.6847 0.6945 0.6992
09 0 0.8965 0.8981 0.8947 0.8962 0.8965 0.8982
09 0.5 08948 0.8977 0.8933 0.8957 0.8982 0.8992
09 09 02880 0.8925 0.8860 0.8921 0.8984 0.8999

the model.

10.2. Covariance Matrix Estimation

Sample size is 512. Results are based on 3000 replications.

Estimation of covariance matrices for conditionally heteroskedastic errors is considered in

the literature by White[95], Newey and West [76], Andrews[3] and Andrews and Monahan4].

. ~OLS
In our case, the covariance of ¢,

is given by

n

n -2 n
var (\/1_‘2((352[‘5 - ¢0) = (% ny) (’71; Z Z Eezyt—1€sys—1)
t=1

t=2 s=2

Estimation of L Y0 , Y%, Feys—165ys—1 is carried out in White by
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n
N 22,2
Vw = Zetyt——l

t=2
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Table 10.3: Standard Deviations, Mean Absolute Errors and Mean Squared Errors

Model:

Yt = QYi—1 + &t

1
gt = Ught ﬁ

he = 0.1+ 1ef

"1

SDV

SJOLS
Pn

MAE

MSE

SDV

P
n
MAE

MSE

SDV

ML

Pn
MAE

MSE

0.0
0.0
0.0
0.5
0.5
0.5
0.7
0.7
0.7
0.9
0.9
0.9

0
0.5
0.9
0
0.5
0.9
0
0.5
0.9
0
0.5
0.9

0.0442
0.0759
0.1429
0.0384
0.0609
0.1213
0.0321
0.0473
0.0958
0.0198
0.0259
0.0487

0.0351
0.0591
0.1070
0.0308
0.0485
0.0893
0.0257
0.0371
0.0687
0.0158
0.0201
0.0342

0.0020
0.0058
0.0204
0.0015
0.0038
0.0152
0.0010
0.0023
0.0097
0.0004
0.0007
0.0026

0.0441
0.0757
0.1402
0.0384
0.0590
0.1162
0.0321
0.0448
0.0871
0.0199
0.0239
0.0376

0.0350
0.0589
0.1045
0.0308
0.0473
0.0855
0.0259
0.0356
0.0616
0.0161
0.0192
0.0264

0.0019
0.0057
0.0196
0.0015
0.0036
0.0144
0.0011
0.0021
0.0083
0.0004
0.0006
0.0016

0.0445
0.0489
0.0954
0.0386
0.0409
0.0812
0.0322
0.0314
0.0640
0.0199
0.0175
0.0287

0.0353
0.0391
0.0605
0.0309
0.0324
0.0499
0.0259
0.0248
0.0366
0.0158
0.0136
0.0176

0.0020
0.0024
0.0091
0.0015
0.0017
0.0066
0.0011
0.0010
0.0041
0.0004
0.0003
0.0008
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Sample size ts 512. Results are based on 3000 replications.

Table 10.4: Coverage Probabilities 90%

Model:

Yt = Qyt—1 + & Et

172

he =0.1+ 7,2,

11

W NW NW

nl/s

nl/4

NW

OLS

P-OLS

P-IV

00 0
0.0 0.5
0.0 09
05 0
05 05
05 09
0.7 0
0.7 0.5
0.7 09
09 0
09 0.5
09 09

0.8997
0.8890
0.8677
0.9010
0.8903
0.8710
0.8997
0.8850
0.8677
0.9030
0.8900
0.8790

0.8897
0.8780
0.8280
0.8883
0.8827
0.8293
0.8907
0.8770
0.8420
0.8980
0.8863
0.8797

0.8880
0.8757
0.8177
0.8887
0.8800
0.8173
0.8900
0.8707
0.8247
0.8957
0.8830
0.8710

0.9007
0.6790
0.4503
0.9043
0.7147
0.4793
0.9003
0.7460
0.5140
0.9040
0.8117
0.6190

0.9590
0.8663
0.7773
0.9587
0.8827
0.7953
0.9560
0.8933
0.8157
0.9583
0.9243
0.8690

0.9590
0.8660
0.7760
0.9587
0.8790
0.7840
0.9560
0.8890
0.7840
0.9583
0.9167
0.8163

Sample size is 512. Results are based on 5000 replications.
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Table 10.5: Coverage Probabilities 95%

Model: gy =op_i+e e =uh?’? hy=01+vel,
White NW NW NW OLS P-OLS P-IV
¢ ™ nl/5 nl/4 nl/2
00 0 09507 0.9473 0.9460 0.9340 0.9530 0.9803 0.9803
0.0 0.5 0.9400 0.9380 0.9357 0.9170 0.7630 0.9210 0.9210
0.0 0.9 0.9227 0.8927 0.8843 0.8323 0.5230 0.8483 0.8447
0.5 0 0.9500 0.9457 0.9457 0.9313 0.9513 0.9833 0.9833
0.5 0.5 09373 0.9343 0.9303 0.9147 0.7960 0.9353 0.9303
0.5 09 09293 0.8990 0.8873 0.8203 0.5493 0.8660 0.8543
0.7 0 09463 0.9413 0.9390 0.9253 0.9517 0.9830 0.9830
0.7 0.5 09390 0.9357 0.9323 0.9087 0.8247 0.9477 0.9460
0.7 0.9 09260 0.9180 0.9043 0.8377 0.5823 0.8863 0.8550
09 0 09510 0.9483 0.9450 0.9220 0.9517 0.9857 0.9857
09 0.5 0.9440 0.9380 0.9363 0.9137 0.8803 0.9627 0.9563
09 0.9 09407 0.9450 0.9413 0.8623 0.7007 0.9253 0.8850
Sample size is 512. Results are based on 3000 replications.

. ~OLS . . " ..
where &, =y, — ¢, yi—1. This estimator accounts for conditional heteroskedasticity but
not for autocorrelation in the errors. However, Viy is consistent under the martingale

difference assumption for ¢;. Newey and West[76] account for autocorrelation by using

m n

. . 1 - R

Vnw =To+2)_k(i/m)Tj, Tj== 3 &-1éejye—j-1 (10.7)
j=1 t=542

where k (j/m) is the Bartlett kernel

1—|z| for |z| <1
k(z) =

0 otherwise

Andrews(3] obtains optimal choices for the bandwidth parameter m. The optimal band-
width is zero in the case of no autocorrelation in the errors. In this case, ffNW = Ty, which

yields Vyw = Viy. We examine whether this choice is optimal in our case by reporting

90

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Vaw for a bandwidth m = nl/2 nl/4 pl/s
Instead of estimating (10.5) nonparametrically we can use the results from (10.3) to
construct a parametric estimator of the covariance matrix based on consistent estimates

of ¢ and a;. In particular, we define

-\ 2
— n-2
% — _li) 22 0.8
P-OLS = = > ¢ ai, (10.8)
i=0

where estimation of d;,; is discussed in Section 9. In the same way, we also obtain a
covariance estimator for the IV procedure as

n—2 -1
~ N ~2i, _
Ve_1v = [a4§ ¢4 *}‘J ) (10.9)

=0

Tables 10.4, 10.5 and 10.6, respectively, contain empirical levels of a t-test of the two
sided hypothesis ¢ = ¢o- These levels can also be interpreted as coverage probabilities
of an interval constructed around the estimated parameter. The coverage probabilities

b — ¢0I [\ var(e,) > Zy_q2 for a =0.1,

0.05 and 0.01 respectively where Z,_,/3 is the 1 — @/2 quantile of the standard normal

represent the empirical frequency of the event

distribution. The variance of the estimator is estimated by four different procedures when
- ~OLS A - )
¢, = ¢, , namely, Viy, Vyw and Vp_prs. For comparative purposes, we also report
> . C . - SV . .
VorLs = 02(;11- toY?_1)~}, which is inconsistent. When ¢, = ¢, the covariance estima-
tor is Vp_ Iv-

The results in Tables 10.4, 10.5 and 10.6 confirm what is expected by theoretical argu-

ments. VOLS is roughly equivalent to Viv when there is no conditional heteroskedasticity,
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Table 10.6: Coverage Probabilities 99%

Model: y=¢y1+6& &= ughfﬁ he = 0.1 +v,€2_;
White NW NW NW OLS P-OLS P-IV
6 m nl/5 nl/4 nl/2
00 0 09767 09760 0.9747 0.9663 0.9787 0.9933 0.9933
0.0 0.5 09787 09767 0.9750 0.9567 0.8380 0.9613 0.9610
0.0 0.9 0.9607 0.9497 0.9420 0.8967 0.5907 0.9033 0.9007
0.5 0 09787 09773 0.9757 0.9667 0.9807 0.9953 0.9953
0.5 0.5 09747 0.9703 0.9690 0.9540 0.8660 0.9730 0.9710
0.5 0.9 0.9617 0.9523 0.9420 0.8853 0.6257 0.9197 0.9093
07 0 09777 09760 0.9760 0.9597 0.9810 0.9967 0.9967
0.7 0.5 09757 0.9723 0.9713 0.9573 0.8897 0.9750 0.9730
0.7 09 09637 09670 0.9590 0.8993 0.6690 0.9317 0.9130
09 0 09823 0.9803 0.9767 0.9590 0.9850 0.9953 0.9953
09 05 09733 09737 0.9720 0.9573 0.9340 0.9837 0.9813
09 09 09787 0.9807 0.9790 0.9310 0.7700 0.9593 0.9347
Sample size is 512. Results are based on 3000 replications.

but deteriorates dramatically as v, increases. Overall Viv has the most accurate coverage
probabilities. The quality of Vnw deteriorates with increasing bandwidth. These two
results confirm that m = 0 is the optimal bandwidth choice.

The performance of Vp-ow is best when v; = .5. However, even in this case, it is
not as accurate as Viy. For values of v > \/1—/5, the asymptotic approximation leading
to VP_OLS does not exist. This is reflected in biased coverage probabilities. Somewhat

surprisingly, bias also exists for v, = 0. The same characterizations also apply to Ve_rv.

10.3. Relative Efficiency under Misspecification

In this section, we analyze the finite sample efficiency of the three estimators under alterna-
tive generating mechanisms for the conditional heteroskedasticity. We consider ARCH(2),
GARCH(1,1) and stochastic volatility models. While the IV estimator is still valid under

these circumstances, the ARCH-ML estimator now is misspecified. In particular the es-
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Table 10.7: Relative efficiency of OLS with GARCH(1,1) innovations
Model:y; = dyr_1 +erer = ught *he = 0.1+ 0.3€2_; + 0.6hy_;
. -

On On bn Sn
6 n=512 n=1024
0.925 0.9501 1.1253 0.9368 1.1253
(0.0470)  (0.0557)  (0.0242)  (0.0291)
0.950 0.9518 1.0040 0.9091 1.1370
(0.0457)  (0.0482)  (0.0235)  (0.0294)
0.975  1.4346 0.8818 0.9650 1.0303

(0.0668)  (0.0410)  (0.0249)  (0.0266)
0.990 1.0561 0.8979 0.9770 0.8689
(0.0481)  (0.0409)  (0.0252)  (0.0224)

timated conditional variances h; are inconsistent. This inconsistency is particularly severe
for the Stochastic Volatility process where h; is independent of the u; sequence.

Table 10.7 summarizes the results for the case when the generating mechanism is

v =yt e (10.10)
g = uthtl/2
he = 7o+ 71€0-1 + Yoheo1

u ~ N(0,1).

Starting values are yg = 0, hg = 0 and g9 = 0.We focus on values for 7y; = .3 and
v, = .6. In general, the volatility process for the GARCH specification is much smoother
than for the ARCH case. This is the reason why the potential gains for the IV procedure
are smaller than in the ARCH case. Not surprisingly, the ARC H-M L estimator (10.2) loses
its efficiency properties. It is even less efficient than simple OLS when the autocorrelation

coefficient is not too large, i.e., ¢ < .975.
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In Table 10.8 we report the results for the case when the true generating mechanism
is an ARCH(2) process. The data are now generated by (10.11) where the parameters -,

and v, are chosen to reflect moderate and strong conditional heteroskedasticity.

Y = Py-1+¢& (10.11)
& = uthtl/2
he = Yo +meio1 + V28—

u -~ N(0,1).

Starting values are yg = 0 and e_;,e9 = 0. In particular, the parametrization (,,7,) =
(.5,.4) implies infinite fourth moments for ;. In this case the asymptotic distribution of
&Sn s is not normal and the formal derivation of the IV procedure is not applicable to this
case. Nevertheless the simulation results show strong efficiency gains for the I'V procedure
for this case. The misspecified ARCH estimator is now less efficient than simple OLS in
three out of four cases. The empirical densities for n = 1024 and (&,7;,72) = (.9..5. .4)
are shown in Figure 10.4.

Finally, Table 10.9 contains the simulation results when the true generating mechanism

is the following stochastic volatility model

Yo = QY-1+ee (10.12)

ge = urexp(he/2)
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Table 10.8: Relative efficiency of OLS with ARCH(2) innovations
Model:y; = ¢ye—1 +&: &= uth:ﬁ he =01+ 768, + 7ot s
o} L%

n n On On
) 7 Y2 n=512 n=1024
0.5 03 02 0.9897 1.0215 0.9781 1.0843
(0.0486) (0.0501) (0.0253) (0.0280)
05 05 04 0.9680 1.4400 0.9585 1.5088
(0.0491) (0.0731) (0.0247) (0.0390)
09 03 02 0.9632 0.8404 0.9366 0.8690
(0.0462) (0.0403) (0.0242) (0.0224)
09 05 04 0.8837 1.2000 0.7843 1.2963

(0.0418) (0.0568) (0.0203) (0.0335)
Relative Efficiency is defined as S%,/S5¢ or S%,,/S% s Tespectively
where S? is the estimated variance of the estimator ¢. Numbers in parenthesis

are asymptotic standard deviations of the variance ratio. Results are
based on 3000 replications.

065 07 075 08 08 09 0895 1 1.05 1.1

OLS ~--=1IV . .- - ARCH-ML

O —
t—t— - e e

Figure 10.4: Empirical densities for estimators of the autoregressive parameter when the
errors are generated by an ARCH(2) model with ¢ = .9, v, = .5 and v = 4.
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Table 10.9: Relative efficiency of OLS with stochastic volatility innovations

Model: y: = ¢7_yt—1 +E E=U exp(hz/?) ht = 71he—1 + Ut

b bn On bn
¢ 71 n =512 n = 1024
0.7 0.50  0.9501 1.4299 0.9461 1.4926
(0.0357) (0.0537)  (0.0244) (0.0385)
0.9 0.50  0.9447 1.2109 0.9628 1.2125
(0.0375) (0.0480)  (0.0249)  (0.0313)
0.5 090  0.9557 7.2483 0.9557 7.2483
(0.0247) (0.1872)  (0.0247)  (0.1872)
0.7 0.90  0.8315 7.4975 0.8154 9.2688
(0.0215) (0.1936)  (0.0211)  (0.2393)
0.9 0.90  0.7062 5.8414 0.5970 8.6569
(0.0182) (0.1508)  (0.0154)  (0.2235)
0.5 095  0.9475 8.9600 0.9475 8.9600
(0.0245) (0.2313)  (0.0245) (0.2313)
0.7 095  0.9019 8.9705 0.9146 8.9516
(0.0233) (0.2316) (0.0236)  (0.2311)
0.9 095  1.1910 7.3298 0.7370 9.9652
(0.0308) (0.1893)  (0.0190)  (0.2573)

Relative Efficiency is defined as S%,/S5.¢ or S%,,/S%.s respectively

where S? is the estimated variance of the estimator ¢. Numbers in parenthesis

are asymptotic standard deviations of the variance ratio. Results are
based on 3000 replications.

he = yhe—i + v,

UgMN(O,l),UtV‘N(O,l).

Starting values are yo = 0 and hg = 0. The misspecified ARCH estimator now is less
efficient than OLS in all cases considered. When the dependence in conditional variances
as measured by <, is strong, the inefficiency of the ARCH estimator is extremely large
with an eight to nine fold increase in the variance relative to OLS. The IV estimator on
the other hand has properties similar to the ARCH and GARCH cases. The breakdown

of the ARCH estimator is documented in Figure 10.5.
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065 07 075 08 08 09 095 1 .05 11

Figure 10.5: Empirical densities for estimators of the autoregressive parameter when the
errors are generated by a Stochastic Volatility model with ¢ = .9, v, = .9.

11. Conclusions

This dissertation analyzes the consequences of higher moment dependence between the
errors and the regressors in the context of the univariate linear time series model. Promi-
nent parametric examples of such models are mainly encountered in financial econometrics.
They include ARCH, GARCH and stochastic volatility models. Here the focus is on the
estimation of the parameters of the linear time series model. No parametric assumptions
about the conditional variance process are made. Instead, higher moment dependence is
treated as an unobservable nuisance parameter which is estimated nonparametrically.

It is shown that the asymptotic covariance matrix of estimators based on Gaussian
criterion functions contains fourth order cumulant terms. This result is a special case
of models with a more general dependence structure of the errors. The assumption of

martingale difference errors maintained in this paper allows us to decompose the fourth
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order cumulant term appearing in the covariance matrix of the score function. The de-
composition in turn is used to derive a lower bound for the asymptotic covariance matrix
of Gaussian estimators. It is shown that the lower bound is related to the class of in-
strumental variables estimators with instruments which are linear filters of the innovation
sequence.

The lower bound covariance matrix is used to identify the optimal instrument. The
optimal instrument is constructed from reweighting the innovation sequence in a way to
minimize the asymptotic variance of the parameter estimates. Intuitively the innovation
sequence is weighted in a way to balance the signal of the innovation as measured by the
impulse response function and the noise generated through the dependence of squared
errors.

Unobservability of the optimal instrument necessitates a semiparametric approach. It
is shown that the optimal filter can be consistently estimated from fourth order cumulant
terms of consistent first stage regression residuals. Computational efficiency is achieved
by formulating the instrumental variables estimator in the frequency domain. This allows
for the use of Fast Fourier Transform algorithms to compute the optimal filter and the
optimal instrument. The complexity of the algorithm can thus be kept at O (nlogn).

The paper offers an alternative way to treat conditionally heterogeneous processes.
Parametric approaches decompose the process into independent sources of randomness
by assuming a certain generating mechanism. Here the focus is not on the conditional
but on the unconditional distribution of the errors. It is shown that instrumental variables

techniques can be used to correct the statistical properties of the score process in a way that
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accounts for the omitted higher moment dependence. The advantage of the instrumental
variables approach lies in the fact that it remains valid in situations where the form of the
conditional density is unknown and too complex to be estimated nonparametrically. It is
clear that the ideas developed here can be extended to related problems. These include
multivariate extensions, nonlinear models and regression models. The author is currently

working on these extensions.
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A. Appendix - Lemmas

In this appendix the limiting normal distribution for the Whittle likelihood is derived
under the conditions of Assumption (Al).

First a CLT will be stated for the error process ;.

Lemma A.1. Under Assumption (Al) the following statements hold:

i)ﬁ et = N(0,0?)

i) for each m € N*\ {1}, m fixed, the vector -ﬁ S letEt—1, s Et€t—m] = N(0,Q) with

o(1,1) +ot --- o(1,m)

a(m,1) <o a(m,m) +ot

Proof. For i) we note that since E (& | F;—1) = 0 by assumption Ll.ii) &, is a martingale

difference sequence. Then by the martingale CLT (see Hall and Heyde[39], Theorem 3.2,

p.58) we define e,; = s, le; where s, = \/var(d_,_, &) = /no. Now

p an (€21 {leel > \Wna} | Fi1)

E|Y, E (ef1 {led] > A\Wna} | Fio)
no2n
EY E|(ef1{leel > \Wna} | Fir)|
no?n
> E (ef1 {lee| > Ay/no})
non
E (el {li‘]'; W) L g forall g, A> 0

> 77"10’2J

IA

IA

IA
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where the first inequality follows from Markov’s inequality and the third inequality follows
from the fact that &, is strictly stationary. Convergence to zero is then a consequence of

the finite unconditional variance. Next

P|Y E(e | Fiur) -1 >n]
- P|EY(EE A - >n]

Y Y E(E (e | Fimr) = %) (B (e} | Fsmr) = 0°)
22
Do) Slewal

nn? nn n—oo

IA

IA

where the first inequality follows from Chebychev’s inequality. This establishes the condi-
tions of the martingale CLT.

For part ii) we note that individually all the terms &;e;—x with & > 1 are martingale
differences. Now define Y{ = [eie;-1, ..., €t€t—m| . Then also E(Y; | F;—;) = 0 so that Y,
is a vector martingale difference sequence. To show that 71; Y. Y; = N(0,Q) it is enough
to show that for all £ € R™ such that £¢ = 1 we have -‘71-7—1 Zé’f/t = N(0,1) where now

Y, =Q~12Y, and N = EY.Y,. This is easily evaluated to be

E?E?—l e Elzet—let—-m 0(11 1) + 04 e 0(1’ m)
QO=F =
E?Et—let—m Tt Egeg—m O'(m, 1) Tt a(m, m) + ot

Next we note that for any £ € R™ such that 00=1,¢fixed, { Yiisa martingale by linearity

of the conditional expectation and the fact that m is fixed and finite. We can therefore
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apply the martingale CLT used in part i) for the variable Yy, = %f’t Again we have to

check the conditional Lindeberg condition. In particular we consider

|

B[S B ((¢%)" 10%d >3} | 7t

P HZE (Y21 {[¥nel > A} | Fic)

<
- m
) e E|((¢%) I{szm}m_l)(
5.2 ((¢%)"1{|ew]| > wa})
- R
< E(([}}I)ZI{LKMM\/E}) = Oforalln,A>0

where again we make use of the fact that £'Y; is strictly stationary and that
~\2 , '
E(¢7:) = E((a7 vy, a2 =1

which is clearly finite so that the tail bound in the expectation of the last inequality
converges to zero for all 7, A > 0. The second condition of the martingale CLT requires
that STE(Y;2 | Fi—1) 2 1. Since for all of the examples provided it is the case that
E(Ya: | Fi-1) is strictly stationary, this convergence will also hold a.s. which, however, is
not required for the proof of the CLT, so the fact will not be further exploited. To prove

the convergence condition we use
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> E (Y| Fit) -1
S E (Y3 | Fm) - Y|+ ¥E -1
- X [E((/fft)? | ft-l) - (/z)j

IN

iy

Now since measurable functions of ergodic random variables are ergodic and E(£Y;)? = 1.
we have from the ergodic theorem %Z(l./ Y:)2 — 1 £ 0. Next we note that (£Y;)? is F,

measurable by assumption. Also (¢Y¥;)? is strictly stationary such that

P[(@'f’t)2>:z: =P[(Z'}7’1)2>:c] <cP[(Z'}71)2>:c]

forall £ >0,t > 1 and ¢ > 1. Then by Theorem 2.19, Hall and Heyde[39] it follows that

R ((0R) 1) - (7] 2o

This now establishes that " E(Y;% | Ft—1) — 1 = 0p(1) as required. The proof of the CLT
is complete since ¢ was fixed arbitrarily. B

Next the distribution of the estimators is derived in the following lemmas. The proof
follows the standard argument of Hannan [42] with necessary modifications made where
required. The details of the proof also follow closely the exposition of Brockwell and

Davis[15].
Lemma A.2. Let I,y (\) be the periodogram of {y1,...,yn} and Incc (A) is the peri-

103

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



odogram of {ey,...,en}. Assume ¢; satisfy Assumption (Al) and that y, = Z?io Yj€t—;
with spectral density %gyy(ﬂo,/\) such that Y32, |v;] 712 < oo. Let <(.) be any con-
tinuous even function on [—m,m] — R with absolutely summable Fourier coefficients

{zx, —00 < k < oo}, then for any n,e >0

P

as n — o0.

M- T / Ince () 9y (B, )c(A)dA[>n)

-T

Proof. First an expression for Rp (A) = Inyy (A) — 5= Inec (A) gyy(Bo, A) is obtained. Let

wy (A) =n~Y257 | ye™ be the discrete Fourier transform of the data. Then

o0 n

wy(A) = n=1/2 Z Z'k[’j@t—je—i“
7=0 t=1
x

n
= pol2 Z ¥ Y Z erjem D)
t=1

j=0

oo n—j
= n—1/2 Zd}jei/\j Z etei’\‘
j=0 t=1-j
n—j

= —1/2211) e —iA (Zee u\t+ Z e -t t—zn:.‘:‘ge—i'\t)
t=1

t=1-j

= ¥ (e-”‘) we (N) +n~1/2 Z e MUy () (A1)

=0

such that

Lnyy () - ]w (e“) ‘2 Lnee (V)

b () we Y e UL, ()

j=0
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oc
! Z wje-i'\jUnj (A

=0

+w( )wg( ~A) *”’Zweﬂw’

Then using the Markov inequality we have

2 T
NN A =T [ Loce () gy Ns () dA’ > n)

-

<E\/—

" R (V)N d,\'

-7

so that it is enough to show that E\/n ’ ST R (M) s (N) dAl — 0. First consider

EVn / " (e“i’\> we (A)n=V/2 iwje-f*iUnj (A< (A) dA

i=0

n

oo o 1 .
‘/ Z Z Z Z YeiZmee (Er—t — En—l4r )e e~ Mk+m—r+t) gy |
~7 ko

(=0 r=1 m=-o00 t=1

Then for k., [, m, and r fixedsuch that 1 <r—-k+m<n

/ Z¢k¢12met (6r—t — En—isr) e~ iA(k+m—r+t) d'\l

T t=1

T
E Zwkw,zmsz (Ert = En—itr) / e IA(kEmoTH) g)

t=1 -

S Iwkwlzm| E |€r—k—m (Er—l - 5n—l+r)[

S W)kwlzml (E ler—k—msr—ll +E lsr—k-—men—l-(-rl)
1/2

< [¥ktizm] (al—-k—m + O‘n/—t—k—m) -
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where a4 is short hand notation for ax k. Now summing over k, [, m gives

BVa|[ ¥(e™)wen) -lfﬁzwe-'“tfn, (A)s (N dA

7=0

< "1/222 Z [Yevhizm| L] (all/i—J rlz/—21—lc—j)

k=0 [=0 m=—oc

< 2supa1/2n’1/2zz Z [rizm| |t — 0.

k=0 (=0 m=~occ

12 )
Next consider the term n~! IZ?‘;G gbje"’\f Unj| - First a bound for the expected value is

obtained by

2
En7!

= En'l Z Z Tbjwke—iA(j—k)Unj (/\) Unk (—A)

7=0 k=0

n! ZE l‘(bjl [Ue] E [Unj (A)| [Unk (M)

j=0 k=0

n-! ZZ |¢j| || (E |Unj (/\)|2)1/2 (E Uni (/\”2) 1/2

7=0 k=0

(n“‘”2 i |1 (E [Unj|2) 1/2)

=0

[}
Dby

7=0

AN

IN

IA

where the Cauchy-Schwarz inequality was used in the second inequality. Now we use the

martingale property of ; to bound E |U,,J-|2 .

n—j

n
E €€ —Zete"\t
t=1

t=1-j

E|Ul? =
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4

: 12 '
E IZ?=1_j g — D ten—j+1 ge”™M 1<j<n
. 2 _
= | BT e - T e j2n
0 j=0

EZsEI Zte[etese—i'\(t—s) I= {1 —j,...,O}U {TL —-j+1,....n}

S | EXsear Xeereese™  I={1-j,...,n—~j}U{l.....n}
0 j=0
\
4
2j02 1<j<n

< 4 2no? j=2n
{ 0 j=0

= 2min(j,n)o

This implies
2 2
L 2\ 1/2 2 [ 12 e 12
nV2Y | (BUP) | <202 | n72Y [ minGin)

Now

oo n >
n 2 [ min(G )2 <072 S 112+ S -

Jj=0 j=0 j=n+l1

Since Y324 |4 17112 < oo it follows that

IN

Tim_ ZW’ |15]"/2 +nl/? Z ;]

n—00
Jj=n+l

Z ;] 171"? < co.
=0

n—uo

(e}
Tim_ Z |¢J| min(j, n)1/2
=

IN
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Pulling these results together gives

2

oo
n~l D ;67U < (A)dA

™
— ]=0

Eﬁ/

T

el—m, 7w

2
o0
< 4mo? (n‘1/22|¢j| |j|1/2) \ sup lc(/\) — 0.
=0

Together these results imply

eval [ Rn(,\)c(,\)d,\‘ =0

-7

as had to be shown @
Next a Lemma is stated which allows us to use the finite dimensional CLT proved in
lemma A.1 to approximate the limit distribution of a countably infinite dimensional vector

of random variables.

Lemma A.3. (Billingsley) Let X, Y, be random variables defined on (0, F, P) . Sup-
pose that for each m Xy, 4, Xm as n — oo and that X, 2 X asm — oo. Suppose
further that
lim limsup P{|Xmn—Ya| 2€} =0
m—oS .o

for each positive €. Then Y, 4 X asn — oo.

Now a general CLT for criterion functions based on the periodogram and involving
sufficiently well behaved spectral weighting functions is presented.

Lemma A.4. Let Iy, (\) be the periodogram of {y1,...,yn} and Iec (A) is the peri-
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odogram of {1, ...,en} - Suppose the ¢, satisfy Assumption (Al) and thaty, = }:;‘;0 Vi€t-j
with spectral density g—:gyy(ﬂo,/\) such that Z;‘;O |1,DJ-| Ij1'/? < oco. Let <(.) be any con-
tinuous even function on [—m,m] — R with Fourier coefficients {zx, —00 < k < oo} such

that

o0
> lal K2 < o0
k=1

and [7_¢(A) gyy(Bo, A)dA = 0, then

T [o <o o]
nl/2 / Lnyy (AN s(N)dr S N (0,4 > > :ak,;bkb,)
-7

=1 k=1
with b = ) 22 _ Yoy (k= ) 25
Proof. It has already been established that

T

nt/? /ﬂ. Loy (A) s (A)dA -~ n1/2§;/ Inee (A) gyy(Bo, A)s (A) dA = 0, (1)

-

so that it remains to show

2w - =1 k=1

2 - oo o o]
D2 [ Lee (V) (8o, s (V) dA & N (0,422%1%‘") :

Let x (A) = g(Bg, A)s (A) . Using the Fourier approximation

x oo

XN = 3 N vy (k—g)ze?

k=—00 j=-~00
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such that (2m)™" [T x (A) e*dA = 2 _ vy, (k - j) 2;. It follows that

oo o0 o0 9
o lol K1Y = D1 vy, (k=) 2| (K1Y
k=1 k=1 |j=—0o0
o0 o)
< 3N gy k= )|zl K12
k—lj——oo
1/2
1/2 |&|
< ,_z_:w'z’”” Zlvyy(k 0} (i)
o0
= Z |1||J|1/2——‘——1/2 > by R 1k =1l
Jj=—00 I | 1) k=1+|7]
oo
< ¥ lzj||j|1’22|~yw(k)||k|”2 < co.
j=—00 k=1

Then define x,, (A\) = Zlkl <m k€. X (A) converges uniformly to x (A). Using Lemma

(A.3) it has to be shown that for all € > 0,

lim limsup P {

m—oC pooo

/2 (7 e () (om () = x(A))dx( > e} ~0

-7

where

n!/2 / " Lo ) Gem ) = XON) dA =02 3 5 (R) b

|k|>m

with 3. (k) = 2 7 M g6, 114 It follows that E5,. (k) =0,

n—lkl n—|k|
Eﬁe (k) '75 (.7) = n2 z Z E5t535t+lk|€‘s+|1|
t=1 s=1
n—|kj
1 n— |k|
= 2 Z Eefersikes)s = Q5

where the second equality follows from the martingale difference sequence property of the
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errors. Using the Markov inequality we have

P{ 02 [ e () Gom () - x(A))dA} > e}

var (n1/2 z|k‘>m Yee (k) bk)

|k
Y [ki>m 2fli>m n—npak,lbkbl

€2

< Supkzlakll (Z lbx |>

|k|>m

which in turn implies

n—00

2
W2 [ Lee ) m ) x| 2 ¢ < 5 ( > |ka)

jk|>m

limsup P {

where C = supy,; |ax,| < oo so that the result follows form

oo 2
lim > bl | =o0.

|k{>m

From Lemma (A.1) we have

n/2 / Lee (N Xm N dx = 201233, (k) by
- k=1

4N (0, 4 i i ak‘,bkbl) .

=1 k=1

Letting Xm ~ N (0,432, > rv, akbebr) it remains to show that X 2, X where X ~
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N (0,432, > f=; akibeby). By Billingsley (8], Theorem 7.6 it is enough to show
E (¢%m) — E ()
for all ¢. Since

E (e“X'") = e~ 24T Tiny cnabiby _, o—3t24 072, T2L) o abicby

if Do Doy Qktbeby — D2 STR2 agsbkby < oo. This follows by absolute convergence

from

oo o0 0 2
YN el lbel or] < S,tllplak,tl (Z lbkl) <o

=1 k=1 k=1

the proof is completed
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B. Appendix - Proofs of Part I

Proof of Theorem 3.3 Since 77 (3, ) € C? [—, 7] it follows from Lemma (A.4) by setting

¢(\) =£€7(B,\) for all £ € RP with ££ =1 that
\/' nss(’\ 1(8,A) dx = N (0, B)

with B =452, 5" a1 (71(B, A),€**) (7 (8, ) ,e“’\)l . Next it is shown that the vari-

ance of the score process can be expressed as

B =224 +2 / "7 free (N (B ) (B, N) dpdA.

—-TJ-T

Redefine the vector of Fourier coefficients as
b = (7(8,X) ,e**)

with j-th element

= (7;(8,%),¢**).

B can now be written more compactly as

40t Z beby, + 4 E Zbkb,o(k l).

k=1 l=1

By Parseval’s identity we have "% bb, = & [T 9 (8,20 (B, ) d\. Considering the

derivatives of In gyy (8, A) implies immediately that by = b_ and bg = 0. Using the defin-
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ition of f.2.c (4, ) we note that o(k,l) = [T [T fi2. (N, p) eFA+4DdAdp. By definition

o(k,l) = o(—k,—I). Looking at a typical element of S oo, 352, brba(k,!) we first note

[ o] oo
2 Z Z bikbmao(k, D) = > )" bixbmya(k.l)
k=1 l=1 k=—o0l=—00

since o(k, -} = o(—k,l) =0 Vl,k >0 by (2.2) and bg = 0. Then

i i b kbm o (k1) = Z 2 / wb,,ke—f*kb,‘me-i*‘ Feree (10, A)dpdA

k=—-00l=-c0 k=-—c0l=—c0’ T VT

o <]
=[5 b Y e e N

T k=—oc m=-—cc

/; [ 7.7.7 (ﬂa lu‘) T'Il (:Bv /\) fszse(#’ ,\)d#d/\

where we used dominated convergence to exchange integration and summation in the sec-
ond but last line. Now the result follows from building up the matrix B from its individual

elements @

Proof of Corollary 3.4 The fourth order cumulant is defined in general as

1 » .y
feet M) =g D Ceclun, o ug)e T L,

Stationarity implies that c. .(uj,...,u4) = ce.(ur +¢,...,uqs +t) for any t. Therefore
fe.e(A1y s Ag) = 0 for Z‘;:l Aj # Omod27. We can thus choose u; = 0 without loss
of generality. The fourth order cumulant spectrum f; -(A1,...,A4) then reduces to (3.3).

From the martingale difference property ce. (0, u2, -..,u4) is non zero only if at least one
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u; = 0and all u; <0 for j # ¢ or u; =u; >0 and ux < u; for k£ # 4, 5. It follows that
Ce.£(0,ug, ...,uq) can be replaced by o(u, s) defined in (2.2) for u,s € {0,+£1,+%2,...}. This
is the symmetry property of cumulants for stationary time series. The trispectrum (3.3)

can be written by taking the restrictions for the mds case into account

(27)2 fe.e(A 11, A)

o o0 00
= Z Z Z ce.e(g, T, s)e @=s+ru}

§=—00 r=—00 g=—00

oo s—1 0 0
= Y D ceelsms)e™+ Y Y ceelq,0,5)e7 @

s=1r=—o0 §=—00 g=—00
oo ¢—1 0 0 _
+3° ) ceclg g s)e @M L N7 N o (g, 0)e )
g=1s=—o0 q=—00 r=—00
o s—1 0 0
+ Z Z CE--E (q7 S’ s)e_l(s,\+(q—3)l\) + Z Z 657.5(07 r’ s)e—l(r#—s,\) °
s=1g=—0 §=—00 r=—oQ

This is a list of all nonzero parts of the triple sum. Now for s > 0 and r < s we have
Ce.e(s,7,8) = 0(s,s—r) and using k = s~ we can rewrite ) oo > oe oo Ce.c(S: 7, s)e”iTH =

® LR 0(s, k)e"s=F®_In the same way cc (q,9,s) = 0(g,q ~ s) such that

Y D cee(a,q0)eT BTN =N Y (g, k)emHaREY
g=1s=-c0 =1 k=1

and

oo s—1 . o oo '
55 sl ale s o35 (s peions)

s=1g=—0o0 s=1 k=1
Also for g¢,s < 0 we have ¢ (q,0,s) = o(s,q) and the same holds for c. ((0.q,s) and

Cs..s(‘la S, 0) Then 2:2:-00 Zg=-°° Ce.e (Q7 0, s)e—i(q—s)A = Zg_—.-w Zg:—oo 0’(3, Q)e—i(q—s)A
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and the same is true for the other two double sums. Using the fact that o(s,—q) =

o(—s,q) =0 for all s,q > 0 we can now write

(27) fe.e(Asp,—2) = ';'(fszee(’\v =) + fezee(pt, —11))

+fezee( A 1) + fezee(A —p)

Substituting into the fourth order cumulant part of the asymptotic covariance matrix

now leads to

e [ 7 e G h =) (6,12 716, A) dAds

- J-=T
T

= / BN [ Frree (18, M) 71 (0, 1) dudX

- -7

[ BN [ fires (1= (010

-7

where we use [ 7 (8, 1) du = 0 such that 7 _7(8,A)dX [T feree (11, ~p) 7 (9, 1) dpp = O

and the same holds for the term with f.2..(A, —A). Define
™
(fe2ee 1) (A) = fezee (11, =A) 1 (B, 12) At
-7

Using 7 (8, A) = 9(8, =) the result follows if (f.2. *7) (\) is symmetric as well, since
then

/ A A) [ Foaee (s N) 7 (8o 1) dd

-7 -

- / TGN [ foree (=N 7 (8o ) diudh.

- -
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But since

f%wA)“&%mrMM@mwa

- -

/ 3Bo1) [ Frzee (=N (8, A) dAdps

- -7

= (fezee * n) (1)

and ff,-r fezee (1, ~A)7(8, ’\) dA = ffn fezee (K, A (8, —A)dA by symmetry of 77(8,A).

This completes the proof I

Proof of Theorem 4.4 For m fixed it follows from standard results that for any non
singular matrix Cp,

_L

= (P07 Pm) ™ 20

(Po.CrnPrm) ™" (PaCrnQmCrnPrm) (PonComPr) ™

which after pre and postmultiplying by (P.,CmPm) is

L

MmgﬁmmmmJﬂm%mpo

(P2.ComSmCmPrm)

where > 0 here signifies matrix positive semi definiteness. While this inequality holds
for all positive definite matrices Cy,, as long as m is finite, further restrictions need to be
imposed to guarantee that the inequality also holds in the limit. It is enough to require
that for all m the elements of Cy, denoted by cT are such that 3}~ |c;»'fk <M <ooand

S orer |cfc"j‘ < M < o0, i.e. rows and columns are absolutely summable. Using the matrix
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r N\ /2
norm [|Af| = (trA A) it then follows from the matrix version of the triangle inequality

that

m m ,
| PnConPral] = 1D brbycly
k=1 I=1
m m ,
< 33 o] fed
k=1 Il=1
LIRS 1/2 2
< M (Z (bkbk) ) < o0
k=1

for all m. This then implies that lim,, P,,CmPn exists and has bounded elements. By
definition all elements of 2, are positive and so P, Crn2mCrm Pr: is always positive definite.

As before

|PACnmCrmPall < 333 3
k=1 j

IA
/5]
5
2
M3
NgE
.Ms
NgE!
o
_.O
'E~
:a

m m
[b:t; szw%l

IA
w0
5
2
NgE
Ms

i=1 j=1 k=1 1l=1
m
< sup|aklkl2zz b,-bj“ < 00

Then limp, P,CrmmCrm Prm exists and has bounded elements. Finally limm—oc (Pi7! Pm)
exists since all elements of € ,!are bounded by Lemma (4.3). Now clearly Cp, = I, sat-
isfies the summability assumptions and Cy, = Q;;;! is the optimal transformation. Taking

limits then establishes the result. B
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C. Appendix - Proofs of Part II

Proof of Lemma 8.1 First we show that f5 (A) € L, [~m,n] which follows from [7_|fs (A)|d) =

Eizoo

L
aj

- ;1;| < 00. Next note for a typical element &

" BO-0 0ol d

fa (A=¢) z ¥ e~ U+k) 4 Z iy ei6U+k) | ge
j=0 j=0
= / Z a e—l(A &L (Zw e—lf(]-i-k +Z¢ el£(1+k))

T oo = =
T 0 o0
= / Z Z alw e zf(J+k)e—1(z\—E)l+z Z w Ge ~i{A—€)! 15(_;-+-lc)d£
j=0l=—c0 =0l=—cc
o )
= Z dj+k¢j€—i'\(j+k) + Z C.r_.j_kd)jei’\(j*'k)
Jj=0 j=0
] Y. j (G+k) _ iA(j+k) IA(G+k)
= — -tz\(]-i—k + 1'\ jt+ ¢ —iA(j+ + 'lb et I+
jZ; QAj+k Z aJ+lc ];0 Z

= lyk (A) + Ly k (=A) - ;4777 (6, 2)

such that the result follows. @

Proof of Proposition 8.2 We start by defining two remainder terms R ()\) and

R2 (\) where

RAY) = no/2Y eVt ()

3=0
RO = L6 ()3 v, ()

j=0
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+n~ 2 (\)* @ Zw e~ MU, 5 ()

7=0
with Up; () = o) ™™ + 7 e~ and
w] ]+1
‘J"J = L]
wJ ]+P

such that RL () is a scalar and R2 (\) is a p x 1 vector. Then, using equations (A.1) and

(8.9), In.zy (A) can be written as
Lzy ) =1y () Iy (N6 (€7) @ (M) 8+ Ly (V) Fee (3) + R ()
and in the same way
Lnge (N = by () Tngy (V) 8 (¢*) (=2 0 + 1y (3) Tnee (A) + Bn (=)
where

Ba(¥) = 67 (M) we(NRE(N +RL(-NRE(N)
+y (N we (A) BE (A) + 1Ly (V) |RE (V)]
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such that

’ (In,zy (A) + Lnyz (X)) dA

-

[2 /_ : Ingy (M) Re [z¢ (=A) ¢ (ef*) a (-,\)] d/\} P

+2 / ) Iy (A) Ince (A) dA + " Ba(A) + Ba (<A dA. (C.1)

N

Alternatively one has also
Lge (@ (=X) = Ingy W 1 (-X) & (%) a (=1) + BE (Y

with

RE(N) = ¢7! () we (A B2 () + RE (=N RA ()

such that [ Iy (A)Refa (=) dA = [ Inyy (M) Re [ly (=A) ¢ (¢*) a(—A)] dA+ [ Re[RR (A)] dA.

Now if [Re[Rh (\)]d) = o, (n71/?) it follows that

-1

Va(b-6) = [_’;znyy(xme [ty (=36 () a ()] dA]
x\/_[/ ly (A) Inee (A) A + _"R,,(A)+R,,(—A)d,\].

Since Iy () € C? [~m, 7] and ¢ (e?*) € C?[—, 7] it follows from Lemma (A.4) that

ﬁ/" ly(A) Inee \)dA = N (o,ia,- <z,,( u\y> <z (A), w>') 7
r P
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where the matrix 302, oy (I (A),€™) (I (V) e"“)l has typical element

[Z ™ <ln (A vem> <l" (A) =em>,] =Y o i¥s. Yotk
=1

k1l 7=0

Using lemma (8.1) it is easy to show that

ia,- (z ), ei’\j> <z ), ei’\j>’

/_w/_,r(f"(A §1(6:,8) + (,4n(¢, )>f7(¢>,/\)'d£d,\.

The result then follows if \/a [”_Rn (M) dA = 0, (1) . We discuss the four different types of
remainder terms separately. Since ly (A) € C?[—m, 7| the proof of Lemma (A.2) can be ap-
plied to Ly, (A) we (—=A) R} (A) and Iy, (M) |RE (A | . Toshow that /it [T_1y, (M) we (—A) R% (A)dA =

T Ly (A we (—A) B2 (A) d,\‘ — 0. Using the defini-

op(1) it i

tion of R2 (A) one has

N we (~A) B2 (V) dA’
A) @ (e"i’\) o~} (ei’\) we (—A) RL (\) d,\‘

-

< Evn

/ Cg (ei’\) we (=02 (N7 @ Y _d;e I, ; (N dX.

=0

+E/n

The first term can be analyzed by setting ¢ (A) = Iy, (A) ¢ (¢=**) € L1 [-m, 7] and applying

the proof of Lemma (A.2). Next look at a typical element & of the second term
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E\/ﬁ /1r ¢_1 ( )(d ( /\ -1/2 Z —i,\(j+lc)Un‘j ()\) d\

0 Ye+s

!
= Ba™ /_:ZZ;Z Y wlft (Erct — Enctir) e MEFI=THOGN |

j=01=0 t=1

Then for 7, !, m,and r fixed such that L <r—-k+m<n

lb Y1 —i(k+j—r+t
/ : €t (Er—1 — En—t4r) € (k+i=r+t)g)
-7 =1 Xk

Vi .
= FE Z - lEt (Er—t = En—t4r) e AkHi=r gy
Y
< . E |€r—k—j (€r—t — En—tsr)|
Akt
(RN
< > (E IEr—Ic-er-—ll +E Isr—-k-jsn-l+r|)
Ck+j
i 1 172 1/2
< s (a, —k—j T an—l—k—j) .
k+j

Now summing over j, [, m gives

Evn / ’ ) (e'i’\) we (A)n~1/2 i¢je-i*1'Unj (M) s () dX

j=0
< _1/222 lbsz lll( L+ T 1/_21—k—j)
7=0 =0
< swpral/tnt2 Y3 L
j=0 (=0
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This holds true for all £ = 1,...,p. Next consider

)|

I

lw (N6 () B (~N BL () dA|

)
1 (—/\) n—1/2 Z w] e—-iz\(j+k)Un,j (/\) d\

j=0 Yi+k

such that the first term goes to zero by the proof of Lemma (A.2). The second term then

is

E\/T—l —1/22 w] —1)\(]+k)U (/\) d\

=0 J+k

OOOOw

< En-1/2/ ZZ Yiv e=AGHR | (—A) Un s ()

=0 J"‘O Xj+k

< —1/2/ "l"ﬂbl'
T =0 ;—o

dA

EUnt (=) Un,; (M) @A

< w2 [0 Zw,l(Ewnl(A)F)”i Y (B 10 1) ax
= —1rlO' v JO Qjik J
< o2 [ S jydmin(n) )t 2dx — 0.

T =0

The remaining terms can be shown to go to zero by the same arguments and the proofs
are omitted. This completes the proof of the proposition Ml
Next we turn to the proof of adaptiveness. Before proving the main results a few useful

lemmas are obtained

Lemma C.1. P (|miné&;(¢) mina;(¢g)| > cn~1/2+¥) =1 for some0 < v < 1/2 and some

c>0.
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Proof. From Assumption (F1) we know that mina; (¢g) > a > 0. Also by definition

&; (¢) = dy, for all j =1,...,n. The result follows from the definition of dn,. B

Lemma C.2. Let y; = E;io Y;€c—; with e, satisfying assumptions (F1, G1) and y; ob-
served fort =1,...,n. DefineT =2n-1, A;; = 27Si where the integers s; are indexed by

an index j, s; € {0,1,...,T} and

y fort=1,..,n

Ut
0 fort=n+1,..,T

Then

is bounded in probability.

Proof. By Chebychev’s inequality it is enough to show that the variance of (C.2) is

bounded.

var | TS i i wy (Asy) -+ T (z,\sj)exp(iZz\sjtj)

s1=1 Sg—1=1

= T2kHlpk ZT: ZT: exp (i Z /\sjtj) exp (——i Z/\sj.{..k—[tj)

s1=1 Sop—2=1

xcow fuwy (ey) =@y (Yo Ay ) sy Qe -y (> . (C.3)
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where we used wy () = (T/n)1/? wy (As,) - The covariance term is evaluated as

3T cum (wy (As;) 35 € v2)

v vjev

where the sum is over all indecomposable partitions of the table

wy (Agy) --- wy ()‘Sk_x) @y (3 ’\Sj)

Wy (’\Sk) T Wy (’\Szk-z) Uy (E ’\8j+k—1)

and j € v; if wy (\s,) is an element of the set v; of partition v. The notation cum (wy (As;) ;J € vi)
is short hand for the cumulant of all the elements in set v; of partition v. (See Brillinger

[14, p. 20] for details). From Brillinger {14, theorem 2.8.1 and 4.3.1] we have

cum (uy (As;) 33 € )

= @nF B 2AD (S0 (€ vi}) fry (3] € 1) +0 (n7F)

where # stands for cardinality and AT (A) = " €**. Substituting back into (C.3) leads
to

T-2%+1 i XT: exp (83 Ats) exp (=63 Ayunsty) (C4)

s1=1  spp_p=1

% Z H [(QW)#U"—I A (z /\sj {7e Ui}) fyy (/\s_.,-;j € v,-) +0 (1)] .

U vjEv

Since the A;; # 0mod T the largest number of combinations )  As; {j € vi} = 0mod T is

k. The error term is at most of order O(n*~!) in which case the number of sums is reduced
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to k — 1. Therefore

I1 [(Qw)#""lA(T ) (Z X, {j € u,-}) Fury (Rey37 € 03) +0(1)] =O(T*) (C3)

vjEv

for all partitions v and | fy.y (/\sj; j€E U,-)| is bounded because of assumption (G1). If
(C.5) is of order T* then the iAs; appear in complex pairs reducing the number of outer
summations by half such that for these terms (C.4) is O(1). If (C.5) is of order T%~! then
the summation runs over k — 2+ terms such that the order of (C.4) is O(T"!). Together

these results imply that (C.3) is O(1) @

Lemma C.3. Lety; = Z;io V;€e—; with &, satisfying assumptions (F1, G1) then for any

integers ty...tg—1 € {1,...,n — 1}

n

Z YeYt—ty = " Yt—t,

t=max(t1,...,tx—1)

T T
= T':2£+1 Z Z wﬁ(’\m)"'w!? (/\3"‘1)-_37 (Z/\Sj)

s1=1 Se—1=1

X exp ('i Z ,\sJ_H_ltj) +Op (n—l/z)

where the error is uniform in t,,...,tg_;.

Proof. From Brillinger (14, lemma 3.6.2] it follows that

n

Z YtYe—ty - " Yt—tee_,

t=max(t1,.-rte—1)

= T:E'E'Hi'“ i wg(/\.n)"'wfl(Z’\sj)exl)(iz/\sitj>

s1=0 Sk—1=0
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so it remains to be shown that

k T T
T-TkHz E'”Z“’ﬁ (Asy) - wy (Asry) (C6)

I=1 sm=0,m#l
xXwy (Asiey) - (Z /\s’)wy ©) exp( ZAS’ ' )
= Op (n'llz) .

This argument can be applied recursively to obtain expressions where 1, 2, ...k different A,
are zero. Here only the first step of the recursion is discussed since the others follow from

the same argument. The recursion stops at k£ where (C.6) reduces to

T—k+1 Z Zytl =0, (T—§+1) )

Now for the first step (C.6) can be written as

T ! ZygT-k Z Z Z Wy (Asy) - TrWy (’\8( 1)

=1 sm=0,m#l

Xwy (Asyy) Ty (Z,\ ) exp (Z.Z/\sj_lt]‘) .

The inner summation is again split into a part which involves only A;,, > 0 and a part

with zero terms. Then by Lemma C.2 and because the summation is now only k£ — 1 fold

Z Z wy (As) - /] ()‘81-1)
m#£l

xwy (Aspyy ) - Wy (Z,\SJ)exp( Z/\s, L )

= Oy(n~1/?).
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Also by a standard CLT T~ ! }" ¢, = Op (n"1/2) so that all terms with only one A, =0
are Op (n1/2) . All other terms are of lower order. The argument in the proof of C.4 can
then be used to show that the result holds uniformly over t1,...,t¢—;.- B

The next lemma establishes uniform convergence of the estimates &; (¢) .

Lemma C.4. For any € > 0 there exists some 6,1 > 0 such that

im P sup maxn'/?|& (¢) — & (¢)l > fl) <e
n—oo SEN5(do)

Proof. We first show that the result only needs to be established for the untruncated
estimator af (¢). Define the set A, = {w €N |SUP¢GN5(¢0) miny [of (¢)| > dn} and let AS

be the complement of A,

im P| sup maxn!/? | (4) — ar(dy)| > 7
n—oS |\ peNs(dg) !

< TmP| sup maxn'/?|&(4) — (o)l > 7, An
n—00  \ peNs(dy) !

+1im P sup maxn'/2|& (8) — a(d)l >n, Af
n—o0  \ geNs(¢o) !

IA

m P sup maxn?|af (¢) —ar(dg)| >n | + lim P (AS)
n—oo <¢eNa(¢o) ! l ’ n—oo

where the second inequality uses the fact, that &; (#) = of (@) on the set where min; o] (9)| >
dn. Yet 6] < lai (¢o)] < laf (@) — a1 (dg)|+|a; (@)| so that lim,—. P(Ay,) — 0 follows from

max; |a; (¢) — ar (do)| 2, 0. Define y-1,t = (Yt-1,---,Yt~p) - Then

. 1 ,
sup maxlaf (6) —au(do)l = sup max|% Y e (8 ecnt (6 (o).
SENs(dg) ! #ENs(dg) L 1T

129

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Using e (¢) = ¢ (@g) + (¢ — q')o)’ (yt—1, -+ Yt—p) and collecting terms leads to

1/2

% ZE? (d0) €21 (Bo) + 26t (60) €2 (80) (& — B0) y-1.

n sup max

bENs(dg) !

+[(6 = 60) y-1¢] €k (90) +2(6 = 90) yoraser-t (90) € (90)

+4 [(¢ — o) .?/—1.:]261 (00) €21 (¢)

, , 2 , 2,
+2(6 = 80) Y-ra-st-1(90) [(6 = 60) y-1e] + [(6 = 80) y-ret] F (00) +
+2 (¢ ~ o) Y—1.€¢ (d0) [(45 - ¢0)I y—l,t—l] ’

+ [(¢ — ¢)’ y—-l.t] ’ [(¢ ~ %) y—l,t—l] g o (o)

Now from the Cauchy-Schwartz inequality
, ’ 2 | , ? 1
[(¢ ) y—l,t] < (@ —dp) (@—d0)yY_1Y-1.t

and the fact that

sup (¢ — o) (6~ dp) =6
OENs(dg)

the above expression is dominated by

< max In—1/2 Y et (do) it (do) ~ (¢o)| (C.7)
+62 mJa-x ln—l/2 Z yl_l,:y—l,cetz.z (¢o) + yl_1,t_zy—1.t—l€? (do)
+4y_y Y16t (o) €t (¢0)l
+62  sup |n‘1/2 Z 2 (¢ — o) Y—1.t—1€e—1 (Do) Y1.eY—1.¢

b€ N5 (o)
+2¢, (o) €21 (00) (& — P0) Y—1¢ +2 (¢ — o) Y—1.1—i€1—1 (90) €7 (B0)

130

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



+2(¢ — d0) y-1.t (o) y’-1,z-zy—1':-z|

+6° mjax |7'l—l/2 z y—l,ty—l.ty—l,t—ly—l,t—lI .
From

sup
¢€N6(¢o)

n
nV2Y " (6~ o) Y-ra-jee-t (o) Yory-1s
t

=  sup
PENs(dg)

D n
6 Z n~1/2 Zyt-l—iet—l (G0) Y—1,y-1.t
i t

n p
n”1/2 Z Z (¢i - ¢i.0) Ye—t—i€t—1 (o) y—l,ty—l,t‘
t

IA

all the terms in (C.7) multiplied by % are of the form |n Y2 Y, ye_t,ye—tr¥e—1| with
the number of ; terms varying from one to three. The indices t),¢2,¢3 are of general
form ¢; (1) = [ +¢; or t; (1) = ¢; where the dependence on ! will be dropped for notational
convenience. It is important to point out that in all the fourth moment expressions there
is always at least one term which does not depend on [. It remains to establish that these
terms are Oy (1) uniformly in ty,¢2,t3 as a function of I. From Lemma (C.3) and Brillinger

[14, theorem 2.8.1 and 4.3.1] it follows that

n

-1/2

n / E Ye—t, Yt—toYt—t3€t
t=1

T T
= pol2p-l z Z wy (Asy) -+ -wy (Asg) we (Z /\sj)

s1=1 s3=1

X exp (1 z/\sjtj) +0Op (n—l)
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where the error is uniform in ¢;, ¢3, t3. Then by the arguments in the proof of Lemma (C.2)

n
var (n-l/ 2 Zyt—hyt—tzyt—taet)

t=1

= p-lp-6 i - i exp (zz /\sjtj) exp (—i Z /\sj+3tj) (C.8)

s1=1 Sgk—2=1

x Z H [(21r)‘1—1 A (Z As; {j € v,-}) frrzq (Ns;35 €vi) + 0 (1)]
v vj€v
where the summation runs over all indecomposable partitions of the table

wy (Aey) wy(Asy) wy(Asg) @e (3 As;)

wy (Asy) wy(Ass) wy(Ass) @e (X Asjia)

and fz,..zq (/\s,-; jE€ vi) is the g-th order cumulant of the variables z;. z; denotes the
variable associated with entry j in the above table if j € v;. From Brillinger [14, theorem
2.8.1] fz,..zq (As;;J € vi) can be expressed in terms of the cumulant spectrum of ;. Let

C(A) =Y ¥;e™™V and assume w.l.g. that the y-variables are numbered 1, ...,6 then
6
le...zs (/\517] G Ui) = fE...E (’\SU LA ] A87) HC (/\Sj) {J e 'Ui} .
i=l
From

TP (m,axn-“? sup |a; (8) — au ()] > n)

n—od

< Tm Y P (n"2suplaj (9) - i (60)| > n)
=1

< EI};ZUM (n‘l/2 > (eF (o) i1 (d0) — cu (¢o)))
=1
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n n 4
-F@Z Zvar (n_1/2§2 Z H Cc™* (L) “—'t—tm)
1 i

t=1 m=1

where the sum in the last line is over all terms appearing in af (¢) except &f (¢g) €7—; (o)
and C™* (L) = C (L) if the m-th term is y;—,, and C™* (L) = 1 if the m-th term is &,—,,.

The result now follows if

n n 4
nl_l_'ng‘J var (n'”2 Z H C™" (L) Et-tm> < oo, Vi

{ t=1m=1

and

Tim var( 1/22 (d0) €21 (dg) ~ au (d’o)))

n—oo
=1

However from (C.8) we have

n 4
Zvar <n 1/221_101" (L) ee- t,,.)

t=1 m=1

n T T

= n‘lT‘GZ Z Z exp( Z’\Sit )etp( Z)\SH_3 ) (C.9)

=1 s1=1 S2k—2=1

<> 11 [(21r)¢1—1 AT (Z A, {7 € Ui}) vz, (Me;i7 € v3) +0(1)] ,

v vjEv

The higher order cumulant spectra are defined in terms of higher order cumulants in the

following way

forzg (Asjid € vi) = (@m) ™ 3" ey g, (w1 ug-1) €xp (—‘iz:ur/\r)

up,...,Ug—1
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where in )" u.A, we assign each u; to one A,,;. Now substituting back intoC.9 leads to

= ST | S en ) & AP (T,)

=1 v Ui€U | uy,...,Uq sj;jev,-

X exp (""‘Z[(ur —t){r <3} + (ur +t,) {r > 3}] ’\Sr)] +0 (TG)}

= ZZHGJI, Iq(tJ7J ev;)+0(1).

=l v vj€v

The last line follows from the fact that each A(T) (3 As;) which is nonzero puts an ad-
ditional restriction on the A;;. The maximal number of sets in a partition is k. If in the
largest partition all £ — 1 restrictions are valid then the k-th restriction is automatically
satisfied as well since always Zf;ll As; = As,- As a consequence the number of summations
is reduced to k — 1 while k terms of the form A(T) (3" A,,) are equal to T. Therefore the
leading term of the product is O (T%~1) . The O (T®) error term comes from multiplying
out the product in (C.9). Keeping in mind the dependence of ¢; on [ we can now state

that

N agE

v

s
H Z Cayyzq (L35 € U3)| S Z H Z |C21,...i2q (53 € vi)| < 00
Uj€v [=1

v vj€v =1

Z IT lezi,zq (8535 € v
vj€v
n

=F’J

The same argument can be applied to the remaining terms in (C.7). Also

var (0”2 Y e (d0) €21 (60) = e (d)) = O (1)

uniformly in ! by the same argument. Then again the above argument can be applied to
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show that we can sum over [

Proof of Proposition 9.1 For the first part of the proposition we have to show that

for any 7, > 0

b (é,,,x) —h(¢0,A)II >n) <e

lim P sup
R0 Ag[—m,m

This holds if there is a § and a neighborhood Nj(¢g) of ¢g such that N5 (@) is contained

in the interior of the stationary region of the parameter space and

HP( sup sup “hn &, A) — h(¢g, A '|>'r)>+ hmP( ¢ V&((bo))

"m0 \Ae[~m,7| $€N5 (o)
Then consistency implies P (;ﬁ € Nj (¢0)) — 1 so that only the first term needs to be

considered. From

| (8, %) = R (90, 1)

= ’IRe[fw(A) (e )] Re[l¢0 ( )]“
< 5[l (e™) ~tuoMan ()| + 5 i (-2 6 (%) — o (-X) 00 ()

[fs 0 () ~tuoé0 ()]

<[5 = tuo W [¢ () |+ Mtwo Wil |6 () — 00 ()|
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Ly () = Lo )] = 0p (1), while [0 (&) - 6o (¢%) <

it is enough to show that sup, supye v, (%0)

1n/2 on Ns(¢y) by uniform continuity of ¢ (€**) on [—m, 7] . Now

sup  sup “Lp (A) = lyo (/\)”
A€[—m,7] #EN5(do)

n—-p—1 oo
_ 2 (D)L b (B) e= N — @ ~1p. e—iM
s sup ; & (8) 716 (#) J; 3 (#0) ™" b5 (d0)
n—p-1 n—p—1
< sup sup || 3 a5(8) 7 i (@) e — ST ay(de) b (dg) e
A ¢€Ns(do) | ;o1 j=1
oo
+sup Z aj (d0) "  b; (0g) €™M
j2n-p

We note that sup, ||Z?§n_p o (¢0) " bj (o) e | < supj (o) n V2R, i (b (90)ll =

o(n~1/2). Next

n—p-1 n—p-1
A -lb . —iAj _ (¢ —Ib.(¢)e—iz\j
sp sup ; & (#) 7 b(¢);e ; @; (30) ™" b5 (%0
n—-p—1
< & (0)™! — aj(dg) ") bj (@) e™™ (C.10)
R PR
n—p-1 .
+sup sup || Y a;(do) " (b;() — bj(do)) e . (C.11)
A ¢€EN5s(dg) j=1

It is therefore enough to show that (C.10) and (C.11) go to zero in probability uniformly
on Ng(¢g) as § — 0. First consider (C.11). Let b;« (¢) denote the k-th element of b; (@) .

Then the norm can be bounded by

n—p-1

Z i (d0) ™" (b5 (9) — bj (¢)) €™M

—1
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1/2
n—p-1

> aj(d0) " (bik (®) — bjk (d0) e
Jj=1
1

p o
Z a; (0) ™" (bik (@) — bk (dg)) €™M

j=1

)

o

k=1

IA

For the k -th element of the sum we have

x —p-l . .
sup / Z a; (d0) ™ e~ R (i (6, 1) — ik (6, 1)) dps

Ag[-m,7]
L n—p- . .
< sup / > (a, (0)7" ——) e =1 (i (@, 1) — T (&, 1)) dps
Ag[—m,xw] |V - j=1
n—-p-—1 o
+— sup bk () — bk (do)) e
‘74Ae[—1r1r] ; (Jk( J 0
™ n—p—l . .
< s [ a0 e b (6.) = i (0010l o
Ag[—m,n] J -7 i=1
+— su bk (®) ~ bjk (0g)) e
=R ; (b (8) = bjk (o))
n—p—1 T
D SN CS e R NN R NEA ET
j=-n+p+l -
1 n—p—1 .
+— su bk (8) — bjk (dg)) €™
ot z\é[-g,n'] J—Zl ( i,k ) 7.k \P0

< Ce(6)+e(n).

Then Z}:{”l l&j (¢0)”1| <32 Idj (¢0)_1| < 0. By uniform continuity of 7 (¢,u) on
[—7, 7] X Ng (¢g) we have |7 (@, p) — 71 (¢g, )| < € for some § > 0 from which it follows that

JZ17(8, 1) = 71 (60, )| dp < 2me. Also for ¢ € Nj(¢p) the finite Fourier approximation
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of 7 (¢, p) converges uniformly

n—-p-—-1
sup | > (bik () — bjk (¢0) ™™
AE[—m, ] j=1
= sup | ) (bjk(8) —bjk () €N + (71(6,A) — 7 (90, \))i
A€[—m,7] j=n—p

IA

o
sup [7(8,A) =7 (¢0, Nl +2 sup D |bjx(9)l
Ag[—m,7] ®€N5(do) j=n—p

e+2 sup Y [bik(d)]

$ENs(%0) j=n_p

IA

so that the constant C' can be bounded by (271' Yot Ic’zj (¢0)'1| + ;}4—) independent of n
and supPye N (g,) Ljen—p |Dik (#)] goes to zero as n — oo. Now turn to (C.10) which can

be analyzed element by element as before

n—p-1

sup  sup Z (&j (0) " —ay ((150)_1) bjk (@) e
Ag[—m, 7] pEN5(¢g) j=1

n—p—

1
< sup  sup Z |dj (0)! - a; (¢0)—1’ 165k ()
Ae[-m,m| 6ENs(00) ;o)

n—p—-1

< swp sup (|67 - (00)7) D 1ok (O
j=1

#ENs(dg) I

Now sup; ( |a; (8)™" = & (60)™"|) < (min & (¢) minay (g)) ™" max |é () — ot (o) and
SUP e Ny (40) Z;:{’ -t bk ()| < oo for all n. The result then follows if for any € > 0 there

exists 17,6 > 0 such that

lim P ( sup (mind (¢) mina; (¢p)) ™" max |G (¢) — cu (o)l > 77) <e
e #EN5(do)
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The probability can be bounded by

P sup nl/2=Y max |6 (@) — au (dg)]| > n)
$EN5(do) ¢

+P| sup (mindy(é)mine;(¢g)) " < m—1/2+u)
$€N5(¢o)

The second term is zero by Lemma (C.1) and the first term tends to zero by Lemma (C.4).
It remains to show that P (p (ﬁn(&n,/\),h(qbo,/\)) > 6) — 0. Using the result from

the first part it remains to be shown that supyg(_r x|

O, (ém A) /O — 8h (09, N) /a,\” =

0p (1) . Since

ahﬁ (¢7 ’\)k

&\h = (Zk)hﬂ(¢7 ’\)k

implies that 77 (¢, A}, € C* [-m, 7] Vh < oo and "7 (¢, —7), JONt = 84 (¢, ), JON* such
that by the Riemann-Lebesgue lemma " j#~3/2|b;| < oo or in particular 3~ 7%/2 |b;| < oo.

Also (i5)b; () = [ (Z&1(8,A)) e**dA such that by the Weierstrass Theorem
) (55)bs (¢) €N — 2 i)
J "’

uniformly on [—w, ] . Using these facts the proof of the first part can be applied to the

first derivative.
Since (M, p) is a complete metric space P (p (ﬁn(én,/\),h(q')o,/\)) > 6) — 0 implies

thatP(ﬂneH)—vl.l

Proof of Theorem 9.2 We start by obtaining an expression for R, (A) in (9.5). From
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the proof of Lemma (A.2) we have

wy (V) =87 () we () + 172y 45N (A)

=0

Letting RL (A) = n~Y2 %2 4,67 Uy (A) we can write

Ty (V) wy (A wy (=)

= wy (Nwy (=A)a(N) ¢ +wy (V) we (=X) +wy (V) 6 (ei’\) R (=)

= Ly (NaM) o+ Inee (V)67 () +we (- RL()

6 (eiA)

+we (A) mﬁ-}z (=) + | Ry (—’\)|2

In the same way we also have

Ly ) = Tngg (N a(=X) @+ Inee (1) 97" (%) +we () RA (=)

6(e) b

PR () + R (V)

twe (=A)

Let

d(e™) )

Rn (X)) = Re |we (A) erz (=A) +we (=A) (eu\)

22 R\ + |R,£<—A)|2] -

Next write In yy (A) ho (¢g, A) for the filter based on the true parameter ¢, as

Ly W ko (90,) = gy (W Re [luo (<3 6 () a(=2)] &

+In.ss (’\) ln.O (’\) + ho (¢0’ ’\) R, (/\)
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while a filter based on a different parameter ¢ is expressed as

Inyy OV R(6,3) = Ingy (M Re [zw(-x)qs(ei*)a(—,\)]¢

+lnee (A) hgy (6, A) + h(¢,2) Bn (A)

with hg, (¢,A) = Re[ly(—)) ¢ (e™) ¢5" (€*)]. Then by the proof of Lemma (A.2) it
follows that \/n [ Rn (A) < (A) dA = 0p(1) for all continuous ¢ (A) with absolutely summable
Fourier coefficients. Next (9.10) is established if for all ¥,€ > 0 there exists a § > 0 such
that

limsup P ( sup lvn (R) — v (ho)|| > 19) <e
n—oo heH,p(h,ho)<6

which in turn follows from

limsup P < sup vn /:r Inge (A) (B, (6, A) — l7.0 (M) d/\“) <e (C.12)

n—co heva(h‘vh’O)<6

and

-

limsup P ( sup n

n—oo heH, p(h,ho)<b

i Rn (N [R — ho) dAH) <e. (C.13)

For (C.13) define the open neighborhood
Hs={h:[-m,7] > RP|h e H,p(h,ho) <6}.

Now for all h € Hj it is the case that supyg(_r x| |k (A)| < oo which in turn implies absolute

summability of 4. In turn A — hgq is also continuous and uniformly bounded such that (C.13)
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follows from the proof of Lemma (A.2).
Next turn to (C.12). The main idea of the proof is taken from Robinson [83] where

integration by parts is used to separate h from I (A).

heH, mee () (haq (9:2) =bno (V) d/\“
< ez (N) = Eee (V) (hay (6:2) = lno (V) dA“
heHs
Elhee (3 (hay (6,) = o ) 4
heHs -1

Since Elnee (A) = o2 it follows that the last term is 02 [T (hg, (6, ) — Ino (X)) dA. Now

note that [7_l,0(A)dA=0and [7_hy, (¢,A)d) = 0. Next use integration by parts

) = Eluee (A)) (h¢o (®,A) = o (/\)) d/\“

heHs —-1r
o A
< 5 ey 6 = 150(Y) | (e () = Elnee (1) doi|
heHs -7
heH (h'f’o ¢, 177,0 ("T)) i (Inge (1) — Ely e (1)) d’\”

Now both ”5% (h¢0 (¢, A) — 0 (A)) ” and “h¢0 (¢, m) = lno (11')” are uniformly bounded in

Hs such that for some constant C < oo

A
59 - (g (6.3) =0 W) [ U (1) = Bl 1)
heHsg -1 -
< covi [T [ Unee ) = Elee (#))dﬂ'd/\-

It remains to show that \/nsup, ' f_ - (Inee (1) = Bl ee ( d,u| is bounded in probability.
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2
Using Markov’s inequality we look at supy nE l f;\,r (Inee (1t) — Elnge (1)) dpl which is

analyzed by looking at

2

A
nk (In.ee (1) = Elnce (1)) dp

-
Al A2

= n/ / cov (In,ee (1) 5 Inee (/-‘2)) dpydys,.
- J-=w

From Brillinger [14, theorem 5.10.1]

A1 A2
/ / cov (Ince (1) Tnce (t2)) ity disa
A 2
= nt [ fA(p)du
-7

AL A2
+Tl_1 / fE..E (/-1'11 Has —#1) d/"‘ld“2 + o (n—z)

-7 -

where the error is uniform in A\. Then f2 (A) = o* and f. . (11,9, —41) is uniformly

bounded under assumption (F1). So

A 2
(Inee (1) — Eln e (1)) dp

-

supnk
A

A Al pA2
= sup f2 (1) dp + sup / fee (i1, o ~p1) diydpg + O (n71)

-7 Al,/\z - -7

is bounded in the limit as n — oo.
2
By the same argument we also prove that nE | J7 . (Inee () = Elnee (1) dz\l is bounded.

This completes the proof. B
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